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A Pheromone-Rate-Based Analysis on the
Convergence Time of ACO Algorithm

Han Huang, Chun-Guo Wu, and Zhi-Feng Hao

Abstract—Ant colony optimization (ACO) has widely been ap-
plied to solve combinatorial optimization problems in recent years.
There are few studies, however, on its convergence time, which
reflects how many iteration times ACO algorithms spend in con-
verging to the optimal solution. Based on the absorbing Markov
chain model, we analyze the ACO convergence time in this paper.
First, we present a general result for the estimation of convergence
time to reveal the relationship between convergence time and
pheromone rate. This general result is then extended to a two-step
analysis of the convergence time, which includes the following:
1) the iteration time that the pheromone rate spends on reaching
the objective value and 2) the convergence time that is calculated
with the objective pheromone rate in expectation. Furthermore,
four brief ACO algorithms are investigated by using the proposed
theoretical results as case studies. Finally, the conclusions of the
case studies that the pheromone rate and its deviation determine
the expected convergence time are numerically verified with the
experiment results of four one-ant ACO algorithms and four
ten-ant ACO algorithms.

Index Terms—Ant colony optimization (ACO), convergence
time, nature-inspired cybernetic mechanisms, pheromone rate,
runtime analysis.

I. INTRODUCTION

THE ANT colony optimization (ACO) algorithm is a
nature-inspired cybernetic method in artificial intelli-

gence. ACO [1] can be considered to be a cognitive informatics
(CI) model of social animals like ants rather than the CI
model of humans [2]. The idea of ACO comes from the ants’
behavior, which is different from traditional mathematics-based
cybernetic techniques. The ACO algorithm does a surprisingly
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successful performance in the solution of NP-hard problems,
which draws more and more attention on ACO research, partic-
ularly to the study of its theoretical foundation.

The ACO algorithm was first proposed by Dorigo and his
colleagues to solve combinatorial optimization problems like
the traveling salesman problem (TSP) [2], [3]. This algorithm
is presented under the inspiration that an ant colony could build
the shortest path from a food source to their nest by using
some chemical substance called pheromone. Ants lay down
pheromone trails when passing paths. The more ants choose a
path, the more pheromone is laid down on it. The latter ants tend
to choose the path with a higher pheromone intensity. However,
it is very interesting that ants do not always choose the path
with the highest pheromone intensity. Otherwise, the shortest
path will hardly be built up.

Dorigo abstracted the ACO model from the biologic phe-
nomenon and carried out the simulation of ant behavior to
solve the TSP problems. Due to the advantage of this ant-based
optimizing principle combined with pheromone evaporation to
avoid early convergence to local optima, ACO has widely been
used to tackle NP-hard combinatorial optimization problems
rising from industry and engineering [4]–[7].

The tremendous computation power of ACO attracts in-
creasingly more and more researchers to study its theoreti-
cal foundations, including mathematical model construction,
convergence, and runtime analysis. Gutjahr proposed the
convergence judgment for a special ACO algorithm named
graph-based ant system [8]–[10]. Stützle and Dorigo presented
a short convergence proof for a class of ACO algorithms
[11], which is quite similar to the analysis of nonheuristic
algorithms. Moreover, the convergence of ACO is classified
into two types [5], [12]: 1) the convergence in value proposed
by Dorigo, which states that at least one ant could reach the
optimal solution when the iteration time tends to be infinite,
and 2) the convergence in solution proposed by Dorigo, which
states that the ACO algorithm can find the optimal solution
with a probability of 1 when the iteration time tends to be
infinite.

The analysis of convergence speed is considered [12] as the
first open problem in ACO fields. For the convergence analysis,
some researchers worked based on probability models, and
others worked based on stochastic process models. Badr and
Fahmy [13] used the random branching model to study the
convergence of a specific ACO algorithm.

Most of the current convergence studies have discussed
whether an ACO algorithm could reach the optimal solution
when its iteration time tends to infinity but did not reveal how
fast it converges. A brief review of the literature shows that
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there are only a few investigations discussing the computational
time complexity of ACO algorithms. These investigations are
summarized as follows.

Neumann and Witt [14] presented a runtime analysis of a
simple ACO algorithm and investigated the effect of the evap-
oration factor. Hao and Huang [15] studied the complexity of a
single-ant algorithm, which could converge in polynomial time.
Recently, based on the earlier work of Hao and Huang [15],
the authors of [16] proposed a general method for estimat-
ing the ACO convergence time and, by using the proposed
method, verified that the algorithm presented in [5] cannot
converge in polynomial time (iteration) without the help of local
searching.

However, the conclusions in [15] and [16] are hard to extend
to other ACO algorithms because the algorithms concerned are
simplified and too specific. The results in [16] need to be stud-
ied in detail since they did not reveal the factors determining
the time complexity of ACO algorithms.

Due to the aforementioned deficiencies of existing works,
in this paper, two theoretical results followed by some case
studies are presented with regard to analyzing how fast ACO
algorithms converge based on an absorbing Markov chain.
The rest are organized as follows. A brief review of runtime
analysis in the research of nature-inspired cybernetic mecha-
nisms and evolutionary computation is introduced in Section II.
The framework of the ACO algorithm and its modeling are
presented in Section III. A general result of estimating the
convergence time is given in Section IV. The specific result is
presented in Section V. In Section VI, four brief ACO algo-
rithms are discussed as case studies. The numerical application
of these case studies is given in Section VII. In the last section,
the conclusions and remarks are presented.

II. BRIEF REVIEW OF RELATED RESEARCH ON

RUNTIME ANALYSIS

Runtime analysis is a challenging topic in cybernetics. In this
paper, the convergence time is the average iteration time that an
ACO algorithm spends in converging to the optimal solution. It
can reveal the runtime or time complexity of an ACO algorithm
to explain how powerful the algorithm is. Compared with ACO,
an evolutionary algorithm (EA) is the first runtime-analysis
object of the nature-inspired algorithms in cybernetics. This
section presents a brief review of the runtime analysis of EAs
as the related research result.

The earliest runtime-analysis result may refer to Rudolph’s
work on the time complexity of (1 + 1)EA for the One-Max
problem [17]. Garnier et al. [18] proved that the runtime of
(1 + 1)EA with multi-bit-flip mutation is more than the one
with single-bit-flip mutation. Droste et al. [19], [20] improved
these results by proving that the time complexity of (1 + 1)EA
with c-bit-flip mutation is O(n log n). Afterward, EAs for
simple linear functions and long path problems were verified
to attain the optimal solution in polynomial runtime [21], [22].
However, the conclusion is only applicable to a (1 + 1)EA,
which is a single-individual version.

He and Yao first studied the average time complexity
of multi-individual EAs like (N + N )EA [23]. Moreover,

He et al. [24] proposed a computational time analysis for de-
ceptive problems. Recently, He and Yao have designed a math-
ematical tool named drift analysis [23], [26] for estimating the
average time complexity of EAs. They successfully used drift
analysis to study the runtime of binary EAs for linear func-
tion, the One-Max problem, and the node covering problem
[25], [26]. Furthermore, their theoretical result is also extended
to the problem difficulty measure on black-box optimization
[27]. Zhou and He [28] applied the same theory to analyze
the runtime of EAs for the constrained optimization problem.
Although it is necessary to design a distance function before
drift analysis is used, He and Yao did not propose the approach
to make the function, which is the bottleneck of this runtime-
analysis tool.

There are two other technical methods for the runtime
analysis of EAs. Witt [29]–[31] studied the runtime of binary
(N + 1)EA with the family tree model. Neumann [32]–[34]
also applied this model to analyze EAs for the Eulerian Cycle
and Minimum Spanning Tree problems. Yu and Zhou [35]
proposed an approach in estimating the first hitting time of EAs
based on an absorbing Markov chain and used it to study the
runtime of EAs for Subset Sum problems.

In brief, existing runtime-analysis studies mainly focus on
binary EAs for simple optimization problems. There are few
theoretical results of EAs for the TSP and other complex NP-
hard problems. It is also the case in the research of the ACO
algorithm, which is a nature-inspired method for solving the
TSP and other combinatorial optimization problems. There-
fore, the runtime analysis of ACO for the TSP problem [36]
is a challenging and open problem [37], which this paper
addresses.

III. FRAMEWORK OF ACO ALGORITHM AND ITS

ABSORBING MARKOV CHAIN MODEL

This section will introduce the basic framework and mathe-
matical model of ACO algorithms, which is referred to Dorigo’s
definitions [5].

Definition 1: (S,Ω, f) is a combinatorial optimization prob-
lem, where S is the discrete solution space, Ω is the constraint
set, f : S → R+ is the objective function, and R+ is the
positive real domain.

Given an example of minimization optimization (S,Ω, f),
the function of the ACO algorithm can be considered to find
the optimal solution s∗ such that f(s∗) ≤ f(s) for ∀s ∈ S.
s = {s1, . . . , sn}, ∀si ∈ C, i = 1, . . . , n, where C is a discrete
set, and n is the size of the tackled problem. The searching
of the ACO algorithm is the process where artificial ants
randomly walk on the graph G = (V,E,WL,WT ), where V
is the set of vertexes, E is the set of edges, WL is the length
(traveling cost) of the edges, and WT is the weight of the
edges. T is the pheromone matrix, of which the element τ(i, j)
is the pheromone trail value of edge (i, j). Fig. 1 shows the
framework of a basic ACO algorithm, and its modeling is also
given in this section.

Step 1 initializes the pheromone matrix τ(i, j, 0) = τ0 ≥
τmin > 0, where i, j = 1, . . . , n, and τmin > 0 is the minimal
pheromone value. In step 4, each artificial ant first starts at a
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Fig. 1. Framework of a basic ACO algorithm.

randomly selected vertex and then chooses the next vertex until
s = xn according to

P (si+1 = cj |T, xi)

=

⎧⎨
⎩

τα(i,j,t)ηβ(i,j)∑
cy∈C∧(i,y)∈J(xi)

τα(i,j,t)ηβ(i,y)
, if (i, j) ∈ J(xi)

0, otherwise

(1)

where xi = {s1, s2, . . . , si}, xi+1 = {s1, s2, . . . , si, y} for
∀si ∈ C, and i = 1, . . . , n. J(xi) is the set of feasible neighbor
vertexes for si. η(i, j) is the heuristic value of edge (i, j), and α,
β > 0 are the weight parameters. Step 7 updates the pheromone
matrix according to the following:

∀(i, j) ∈ sbs(t) :
τ(i, j, t + 1)← (1− ρ1)τ(i, j, t) + z1(sbs(t)) (2)

∀(i, j) ∈ s and s ∈ Siter(t) :
τ(i, j, t + 1)← (1− ρ2)τ(i, j, t) + z2(s) (3)

where (2) and (3) are named as global and local updating,
respectively. After global and local updating, a pheromone
renewal is again implemented according to

∀(i, j) : τ(i, j, t + 1)← max{τmin, τ(i, j, t + 1)}. (4)

In this paper, θ and ρ are volatilization parameters meeting
0 < θ, ρ < 1. The increments z1(·), z2(·) : S → R+ satisfy
z1(a) ≥ z1(b) and z2(a) ≥ z2(b), respectively, if solution a is
better than b. Most of the ACO algorithms [1], [2], [4], [5] fall
into the framework previously described.

The absorbing Markov chain model of the ACO algorithm is
presented with the following definitions.

Definition 2: {ξ(t)}+∞t=0 is the stochastic process for ACO
algorithms, where ξ(t) = (X(t), T (t)), and X(t) = {sbs(t)} ∪
Siter(t).

The state of the stochastic process for the ACO algorithm
per iteration ξ(t) indicates the value of the best-so-far solution,
the ant-attaining solutions, and the pheromone matrix at the tth
iteration.

Definition 3: Y is the state set of ξ(t) for t = 0, 1, 2, . . ..
Each element of Y is a feasible status for ξ(t), t = 0, 1, 2, . . ..
Definition 4: Y ∗ is the optimal state set if there is at least a

solution s∗ ∈ X∗ for ∀ξ∗ = {X∗, T ∗} ∈ Y ∗ such that f(s∗) ≤
f(s) for ∀s ∈ S, where Y ∗ ⊂ Y .

Each element of Y ∗ contains at least an optimal solution for
the problem tackled.

Definition 5: A stochastic process {ξ(t)}+∞t=0 is an absorbing
Markov chain if P{ξ(t + 1) �∈ Y ∗|ξ(t) ∈ Y ∗} = 0, where Y ∗

is the optimal state set.
The ACO algorithm will keep the optimal solution s∗ forever

when attaining Y ∗ if {ξ(t)}+∞t=0 is an absorbing Markov chain.
The definition of an absorbing Markov chain has been used to
estimate the runtime of EA [35], [37]. This section also builds
a similar model for the ACO algorithm as Lemma 1 shows.

Lemma 1 [16]: A stochastic process for the ACO algorithm
{ξ(t)}+∞t=0 is an absorbing Markov chain.

Proof: See Section A of the Appendix. �
According to Lemma 1, an ACO algorithm can be modeled

as an absorbing Markov chain.

IV. CONVERGENCE TIME AND ITS ESTIMATION

A. Convergence Time

The convergence time is used as a measurement to analyze
the runtime of ACO algorithms in this paper. First, some
definitions of convergence time are introduced.

Definition 6: λ(t) = P{ξ(t) ∈ Y ∗} is the probability that an
ACO algorithm attains the optimal state set at the tth iteration.

Definition 7: γ is the convergence time, and Eγ is
its expectation, such that P{ξ(t) ∈ Y ∗} = 1 if t ≥ γ and
P{ξ(t) ∈ Y ∗} < 1 if 0 ≤ t < γ.

Eγ indicates the mean time that ACO algorithms spend in
reaching the optimal solution. The smaller expectation Eγ is,
the smaller the time complexity of an ACO algorithm can be.

Definition 8: μ is the first hitting time, and Eμ is the
expected first hitting time, such that ξ(t) ∈ Y ∗ and ξ(t) �∈ Y ∗ if
0 ≤ t < μ.

If an ACO algorithm is modeled as an absorbing Markov
chain, Eγ can be calculated with the expected first hitting time
Eμ (Definition 8), which is used to study the computational
complexity of EAs [25], [35].

Lemma 2: γ = μ is held for an absorbing Markov chain
{ξ(t)}+∞t=0.

Proof: See Section B of the Appendix. �
Lemma 2 indicates that the convergence time can be studied

with Eμ.

B. Estimation of Convergence Time

The following theorems can be used to estimate Eγ, which
is considered as a measurement of the time complexity of ACO
algorithms in this paper.
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Theorem 1: Eγ=
∑+∞

i=0(1−λ(i)) is held if limt→+∞ λ(t)=
1, λ(t) = P{ξ(t) ∈ Y ∗}, and {ξ(t)}+∞t=0 is an absorbing
Markov chain.

Proof: See Section C of the Appendix. �
Theorem 1 indicates that a direct approach in estimating

the runtime of an ACO is to analyze the probability λ(t)(t =
1, 2, . . .). λ(t) is hard to calculate in practice; therefore, the
estimation method should be improved as Corollary 1 shows.

Corollary 1: b−1[1− λ(0)] ≤ Eγ ≤ a−1[1− λ(0)] is held
if a ≤ pt = P{ξ(t) ∈ Y ∗|ξ(t− 1)} �∈ Y ∗} ≤ b (a, b > 0 and
t = 1, 2, . . .) and limt→+∞ λ(t) = 1 are true, where λ(t) =
P{ξ(t) ∈ Y ∗}, and {ξ(t)}+∞t=0 is an absorbing Markov chain.

Proof: See Section D of the Appendix. �
The probability pt = P{ξ(t) ∈ Y ∗|ξ(t− 1)} is easier to ob-

tain than λ(t) for t = 1, 2, . . .. Therefore, Corollary 1 is more
useful in analyzing the Eγ of an ACO than Theorem 1. The
theoretical results of the following sections are all based on the
corollary.

V. ANALYZING THE CONVERGENCE TIME OF ACO
WITH PHEROMONE RATE

A. Crucial Probability

According to Corollary 1, the probability pt = P{ξ(t) ∈
Y ∗|ξ(t− 1) �∈ Y ∗}(t = 1, 2, . . .) is decisive to estimate Eγ.
However, pt cannot directly be calculated, and the result is
supposed to be further analyzed in detail. Fig. 1 shows that
pt is determined at step 4. For a TSP problem of n cities,
each artificial ant attains its solution by making n decisions
according to (1).

Definition 9: q(i, t, s∗) = P (si = c∗i |T, xi−1) is the crucial
probability that an artificial ant selects c∗i as the ith compo-
nent, where si−1, c

∗
i ∈ s∗, and s∗ is the optimal solution (i =

1, . . . , n).
P (si = c∗i |T, xi−1) is defined in (1). Therefore, q(1, t, s∗) =

P (s1 = c∗1|T, x0) = 1 is true, which means that the first chosen
component belongs to s∗.

The probability that an ant finds the optimal solution s∗ is
P (t, s∗) =

∏n
i=1 q(i, t, s∗). According to the property of the

absorbing Markov chain, for t = 1, 2, . . . , P{ξ(t) ∈ Y ∗|ξ(t−
1) ∈ Y ∗} = 1 is held. Given K ants in an ACO algorithm, the
probability that s∗ is attained at the tth iteration time can be
calculated according to the following:

pt =P {ξ(t) ∈ Y ∗|ξ(t− 1) �∈ Y ∗}
= 1− (1− P (t, s∗))K

= 1−
(

1−
n∏

i=1

q(i, t, s∗)

)K

. (5)

Therefore, q(i, t, s∗) is the crucial factor in the time com-
plexity of an ACO algorithm, which can be indicated in
Corollaries 2 and 3.

Corollary 2: Eγ ≤ (1− λ(0))[1− (1− pn
low)K ]−1 is held

if q(i, t, s∗) ≥ plow > 0 for t = 1, 2, . . . and i = 1, . . . , n,
where s∗ is the only optimal solution.

Proof: See Section E of the Appendix. �

Corollary 2 indicates that an upper bound of the expected
convergence time can be confirmed if the crucial probability
has a unified lower bound. Corollary 3 proposes the opposite
result.

Corollary 3: Eγ ≤ P (n) is held if q(i, t, s∗) ≥ [1− (1−
P (n)−1)1/K ]1/n > 0 for t = 1, 2, . . . and i = 1, . . . , n, where
n is the size of the tackled problem, and P (n) is a polynomial
of n order.

Proof: See Section F of the Appendix. �
Corollaries 2 and 3 show the importance of q(i, t, s∗). The

time complexity of an ACO algorithm can be as small as a
polynomial of n order if q(i, t, s∗) is big enough for t = 1, 2, . . .
and i = 1, . . . , n. The following section will explain the result
in more detail.

B. Pheromone Rate

The pheromone value, which is used to simulate the biologic
behavior of ants, is the essential factor of ACO algorithms. In
this section, we propose a method in estimating the ACO time
complexity based on pheromone rate (see Definition 10 below),
which is a factor of the pheromone value.

Definition 10: c(i, t)=(τα(a∗i−1, a
∗
i , t))/(

∑
〈a∗

i−1,x〉∈J(ai−1)
×

τα(a∗i−1, x, t)) is the pheromone rate of the path
〈a∗i−1, a

∗
i 〉 ∈ s∗.

The results of Corollary 2 can be extended with the
pheromone rate as follows.

Corollary 4: Eγ≤(1−λ(0)) · [1−(1−cn
low(ηβ(a∗i−1, a

∗
i )/

ηβ(a∗i−1,max)))K ]−1 is held if c(i, t) ≥ clow > 0 for t =
1, 2, . . . and i = 1, . . . , n, where s∗ is the only optimal solution,
ηβ(a∗i−1,max) = max(a∗

i−1,x)∈J(a∗
i−1)
{ηβ(a∗i−1, x)}, and a∗j ∈

s∗(j = 0, 1, . . . , n).
Proof: See Section G of the Appendix. �

Corollary 4 reveals the relationship between the convergence
time and the pheromone rate of an ACO algorithm. The unified
low bound of pheromone rate c(i, t) for t = 1, 2, . . . and i =
1, . . . , n determines the expected convergence time Eγ.

Corollary 5: Eγ ≤ P (n) is held if c(i, t) ≥ (ηβ(a∗i−1,

max)/ηβ(a∗i−1, a
∗
i ))[1− (1− P (n)−1)1/K ]1/n for t = 1, 2,

. . . and i = 1, . . . , n, where s∗ is the only optimal
solution, ηβ(a∗i−1,max) = max(a∗

i−1,x)∈J(a∗
i−1)
{ηβ(a∗i−1, x)},

a∗i ∈ s∗(a∗0 = Null), and P (n) is a polynomial of n order.
Proof: It can directly be proved based on Corollaries 3

and 4. �
Therefore, two methods for the estimation of the ACO run-

time can be summarized as follows. One is as follows.

1) Calculate a unified lower or upper bound of crucial prob-
ability q(i, t, s∗) for t = 1, 2, . . . and i = 1, . . . , n.

2) Estimate the ACO convergence time by using
Corollaries 2 and 3.

Another approach is as follows.

1) Calculate a unified lower or upper bound of pheromone
rate c(i, t) for t = 1, 2, . . . and i = 1, . . . , n.

2) Estimate the ACO convergence time by using
Corollaries 4 and 5.
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Fig. 2. Framework of a brief ant system algorithm.

C. Convergence Time Estimation With Pheromone Rate

The unified low bounds of c(i, t) and q(i, t, s∗) for t =
1, 2, . . ., however, cannot easily be calculated every time. The
method mentioned in Section V-B should be improved to be
more practical for runtime analysis. The improvement can be
made in a less rigorous condition that the unified low bounds
clow for t = t0 + 1, t0 + 2, . . . can be determined, where some
t0 exists such that c(i, t) ≥ clow(t0) > 0 if t > t0 and c(i, t) <
clow(t0) if t ≤ t0. The complexity can be estimated by the sum-
marization of t0 and Eγ [signed as ω(clow, t0) of Definition 11]
based on clow.

Definition 11: ω(clow, t0) is the upper bound of Eγ calcu-
lated by Corollary 4 with clow, such that ω(clow, t0) = (1−
λ(0)) · [1 − (1 − cn

low(ηβ(a∗i−1, a∗i )/ηβ(a∗i−1, max)))K ]−1,
where c(i, t) ≥ clow > 0 if t > t0, and c(i, t) < clow if t ≤ t0.

Theorem 2: Given s∗ is the only optimal solution, Eγ ≤
E[t0|ξ(0)] + ω(clow, t0) is held, where c(i, t) ≥ clow > 0 when
t > t0; else, c(i, t) < clow when t ≤ t0.

Proof: See Section H of the Appendix. �
Theorem 2 indicates an improved method for the estimation

of the ACO convergence time. This more practical method
could be summarized as follows.

1) Calculate a low bound clow of c(i, t) for t = t0 + 1, t0 +
2, . . ..

2) Estimate E[t0|ξ(0)].
3) Calculate ω(clow, t0).
4) Add E[t0|ξ(0)] and ω(clow, t0) to obtain an upper bound

of Eγ.

VI. CASE STUDIES

In this section, we present some case studies on the estima-
tion of time complexity for a brief ACO algorithm (Fig. 2) as
examples on how to use the proposed methods and theoretical
results.

The ant system algorithm is a brief version of the ACO
algorithm. In step 2, (1) is changed into (6). Equation (8) is a
brief version of (1) without considering the heuristic value and
weight parameters so that the point of the case study lies in the

pheromone rate, which is the key factor of the aforementioned
proposed theoretical result:

P (si+1 = cj |T, xi)

=

⎧⎨
⎩

τ(xi,xj ,t)∑
y∈C∧〈xi,y〉∈J(xi)

τ(i,y,t)
, if 〈xi, xj〉 ∈ J(xi)

0, otherwise.

(6)

Moreover, step 3 uses another updating rule:

∀〈x, y〉 ∈ s and s ∈ Siter(t) :

τ(x, y, t + 1)← τ(x, y, t) + Δτ(x, y, t). (7)

Equation (7) runs K · n times per iteration if there are K arti-
ficial ants. The following sections indicate the time complexity
analysis of four ACO algorithms of the framework in Fig. 2:
Ant System (AS)-1, AS-2, AS-3, and AS-4.

A. AS-1 Algorithm

AS-1 is an AS algorithm with the setting K = 1 and
Δτ(x, y) = Q, where Q is a constant, ∀〈x, y〉 ∈ s and s ∈
Siter(t)(t = 1, 2, . . .).

Theorem 3: Given {ξas-1(t)}+∞t=0 is the stochastic process for
the AS-1 algorithm, then, E{c(i, t + 1)|ξas-1(t)} = c(i, t) is
held for i = 1, . . . , n and t = 0, 1, 2, . . ..

Proof: See Section I of the Appendix. �
According to Theorem 3, we have

E{c(i, t + 1)− c(i, t)|ξas-1(t)}
= E{c(i, t + 1)|ξas-1(t)} − c(i, t) = 0.

The pheromone rate c(i, t) for the components of optimal
solution s∗ remains constant during the iterations, where i =
1, . . . , n, and t = 0, 1, 2, . . .. According to step 1 of Fig. 1,
τ(i, j, 0) = τ0 and c(i, j, 0) = n−1 are true for i, j = 1, . . . , n.
Thus, we have E[t0|ξas-1(0)] = +∞ if clow > c(i, j, 0) =
n−1, where c(i, t) ≥ clow > 0 when t > t0, and c(i, t) < clow

when t ≤ t0.
Given c(i, t) ≈ E{c(i, t)|ξas-1(0), ξas-1(1), . . . , ξas-1(t−

1)}, c(i, t) ≈ E{c(i, t)|ξas-1(t− 1)} because {ξas-1(t)}+∞t=0

is an absorbing Markov chain for Definition 4. According
to K = 1 and (8), we have the relationship on the crucial
probability (see Definition 9)

q(i, t, s∗) ≈ n−1, i = 1, . . . , n.

Then, it follows that

pt =P
{
ξas-1(t) ∈ Y ∗|ξas-1(t− 1) �∈ Y ∗

}

= 1−
(

1−
n∏

i=1

q(i, t, s∗)

)K

≈ n−n.

Thus, Eγas-1 ≈ (1− λ(0)) · nn is held, according to
Corollary 1. Because λ(0) = 0, Eγas-1 ≈ nn is true, which
indicates that the convergence time of AS-1 is exponential.
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B. AS-2 Algorithm

AS-2 is an AS algorithm with the setting K = k0 > 1 and
Δτ(x, y) = Q, where Q is a constant, ∀〈x, y〉 ∈ s and s ∈
Siter(t) (t = 1, 2, . . .). Because k0 ants independently modify
the pheromone matrix T (t) during the iterations, we have

E
{
c(i, t + 1)− c(i, t)|ξas-2(t)

}
= k0 · E

{
c(i, t + 1)− c(i, t)|ξas-2(t)

}
= 0

where {ξas-2(t)}+∞t=0 is the stochastic process for AS-2.
The convergence time of AS-2 is also approximate to nn.

The increment of the number of ants cannot improve the per-
formance of the AS-1 algorithm. The theoretical result indicates
that the performances of AS-1 and AS-2 are very bad because
of the large amount of iteration time they cost.

C. AS-3 Algorithm

AS-3 is an AS algorithm with the setting K = 1 and
where Δτ(x, y, t) is alterable, ∀〈x, y〉 ∈ s and s ∈ Siter(t) (t =
1, 2, . . .).

Theorem 4: Given {ξas-3(t)}+∞t=0 is the stochastic process
for the AS-3 algorithm, E{c(i, t + 1)|ξas-3(t)} = [1 +
θ(i, t)]c(i, t) is held (i=1, . . . , n and t=1, 2, . . .), where
θ(i, t)=h/g, h=

∑
〈ai−1,y〉∈J(ai−1)−{〈ai−1,ai〉}((τ(ai−1, y, t) ·

[Δτ(ai−1, ai, t)−Δτ(ai−1, y, t)])/l), g = Δτ(ai−1, ai, t) +∑
〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t), and l = Δτ(ai−1, y, t) +∑
〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t).
Proof: See Section J of the Appendix. �

Thus, E{c(i, t)|ξas-3(t− 1)} rises as Δτ(ai−1, ai, t− 1)
increases for i = 1, . . . , n and t = 1, 2, . . .. We have
E{c(i, t)|ξas-3(t− 1)} ≥ (1 + θ) · c(i, t− 1) and E{c(i, t)−
c(i, t− 1)|ξas-3(t− 1)} ≥ θ · c(i, t− 1), when θ(i, t) ≥
θ > 0.

Given c(i, t) ≈ E{c(i, t)|ξas-3(0), ξas-3(1), . . . , ξas-3(t−
1)}, the relationship c(i, t) ≈ E{c(i, t)|ξas-3(t− 1)} is true,
because {ξas-3(t)}+∞t=0 is an absorbing Markov chain according
to Definition 4. Thus, we have

E{c(i, t)|ξas-3(0), ξas-3(1), . . . , ξas-3(t− 1)}

≥ (1 + θ)tc(i, 0) ≥ (1 + θ)t

n
. (8)

Then, t ≤ log(1+θ)(n · E{c(i, t)|ξas-3(0), ξas-3(1), . . . ,
ξas-3(t− 1)}) is true. Given clow > c(i, j, 0) = n−1 > 0,
such that c(i, t) ≥ clow when t > t0 and c(i, t) < clow when
0 < t ≤ t0, E[t0|ξas-3(0)] ≤ log(1+θ)(n · clow).

Given s∗ is the only optimal solution, Eγas-3 ≤
E[t0|ξas-3(0)] + ω(clow, t0) is held, according to Theorem 2,
where ω(cn

low) = (1− λ(0))[cn
low]−1 = c−n

low. Thus, we have

Eγas-3 ≤ log(1+θ)(n · clow) + c−n
low. (9)

The expected convergence time can be less if the unified low
bounds of pheromone rate clow and pheromone rate difference
θ become smaller. Moreover, the problem tackled of bigger size
n requires more runtime of the ACO.

D. AS-4 Algorithm

AS-4 is an AS algorithm with the setting K = k0 > 1 and
where Δτ(x, y, t) is alterable, ∀〈x, y〉 ∈ s and s ∈ Siter(t) (t =
1, 2, . . .).

Because k0 ants independently modify the pheromone matrix
T (t) during the iterations, we have

E
{
c(i, t + 1)− c(i, t)|ξas-4(t)

}
= k0 · E

{
c(i, t + 1)− c(i, t)|ξas-4(t)

}
≥ k0 · θ · c(i, t) (10)

where θ(i, t) ≥ θ > 0, and {ξas-4(t)}+∞t=0 is the stochastic
process for AS-4.

Thus, it follows that

E
{
c(i, 1)|ξas-4(0)

} ≥ k0 · θ · c(i, 0) + c(i, 0)

≥ 1 + k0 · θ
n

E
{
c(i, 2)|ξas-4(1)

} ≥ k0 · θ · c(i, 1) + c(i, 1)
≥ (1 + k0 · θ) · c(i, 1)

...

E
{
c(i, t)|ξas-4(t− 1)

} ≥ k0 · θ · c(i, t− 1) + c(i, t− 1)
≥ (1 + k0 · θ) · c(i, t− 1).

Given c(i, t) ≈ E{c(i, t)|ξas-4(0), ξas-4(1), . . . , ξas-4(t−
1)}, we have the relationship c(i, t) ≈ E{c(i, t)|ξas-4(t− 1)},
because {ξas-4(t)}+∞t=0 is an absorbing Markov chain according
to Definition 4. Then, it follows that

E
{
c(i, t)|ξas-4(0), ξas-4(1), . . . , ξas-4(t− 1)

}
= E

{
c(i, t)|ξas-4(t− 1)

}
≥ (1 + k0 · θ)c(i, t− 1)

≥ (1 + k0θ)t

n
. (11)

Thus, we have

t ≤ log(1+k0·θ)

[
n · E{c(i, t)|ξas-4(0)

ξas-4(1), . . . , ξas-4(t− 1)
}]

.

Given clow > c(i, j, 0) = n−1 > 0, E[t0|ξas-4(0)] ≤
log(1+θ)(n · clow) is held, under the following two cases.

1) c(i, t) ≥ clow when t > t0.
2) c(i, t) < clow when t ≤ t0.

Given s∗ is the only optimal solution, Eγas-3 ≤
E[t0|ξas-4(0)] + ω(clow, t0) is held according to Theorem 2,
where ω(cn

low) = (1− λ(0))[cn
low]−1 = c−n

low. Therefore,
we have

Eγas-4 ≤ log1+k0·θ[n · clow] +
[
1− (1− cn

low)k0
]−1

. (12)

Equation (12) shows that the convergence time of AS-4 will
decrease if the number of ants k0 becomes larger. Thus, AS-4
is an improvement of AS-3.
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Given clow =[1−(1− P (n)−1)1/k0 ]1/n and log(1+k0·θ)

(n · clow)≤ P ′(n) (i = 1, . . . , n and t = 1, 2, . . .), we have
Eγas-4 ≤ P ′(n) + P (n), where both P (n) and P ′(n) are poly-
nomials of n orders. Hence, the AS-4 algorithm converges in
polynomials of n orders in this case.

E. Conclusion of Case Studies

This section presents the convergence time analysis of a brief
ACO algorithm (see Fig. 2) by using the theoretical results
proposed in Sections IV and V. Sections VI-A–D indicate four
cases of the brief ACO algorithm (AS-1, AS-2, AS-3, and
AS-4), which have different pheromone updating rules and the
same setting in other parts. The conclusions of analyzing the
convergence time of the four cases can be drawn as follows.

1) AS-1 and AS-2, of which the pheromone increment per
updating is a constant, perform worse than AS-3 and
AS-4 for a no-increment pheromone rate per iteration on
average.

2) The convergence times of AS-3 and AS-4 can be reduced
when clow becomes large according to (9) and (12),
respectively.

3) The convergence times of AS-3 and AS-4 can be re-
duced when θ becomes large according to (9) and (12),
respectively.

4) AS-4 performs better than AS-3 for a larger number of
ants based on the (12).

The next section presents eight ACO algorithms that belong
to AS-1, AS-2, AS-3, and AS-4, respectively. The algorithms
show different performances in solving TSP problems. The
simulated items for describing clow and θ are designed and
investigated during the solution of the algorithms. The conclu-
sion of the case studies in this section is applied to analyze
the convergence time of the tested algorithms and explain the
reasons for their different performances.

VII. NUMERICAL EXPERIMENT

This section presents a numerical experiment as an applica-
tion of the proposed theoretical result. Eight ACO algorithms
following the framework of Fig. 2 are considered, and their
performances of solving TSP problems are analyzed with the
conclusion of case studies in Section VI.

The only differences of the tested algorithm are the num-
ber of ants k0 and the pheromone increment per updating
Δτ(x, y, t), which are indicated in Table I.

In Table I, d(x, y) is the length of path (x, y), and L(x, y, t)
is the length of the tour where path (x, y) belongs to. AS-1,
AS-2, AS-3, and AS-4 are the algorithm cases in Section VI.

The eight algorithms are tested in solving 20 benchmark TSP
problems [36]: berlin52, eil101, lin105, and so on. The maxi-
mum number of iterations is 2000 for all of the algorithms. Each
algorithm for a problem runs 30 times. During the solution,
several items (shown in Table II) are investigated to explain
the different performances of the algorithms, which is shown in
Tables III–V. For the limit of the space, only the experimental
results of three problems are indicated in detail.

TABLE I
EIGHT TESTED ACO ALGORITHMS

TABLE II
INVESTIGATED ITEMS OF THE TESTED ALGORITHMS

TABLE III
COMPARISON OF KEY ITEMS AMONG EIGHT ACO

ALGORITHMS IN THE berlin52 PROBLEM

In Table II, c̃low is investigated to describe the unified low
bound of the pheromone rate signed as clow in Sections V
and VI. θ̃min, θ̃max, θ̃ave, and N+

θ̃
are used to simulate the

unified low bounds of the difference of pheromone rate signed
as θ in Section VI. The second and third conclusions of the case
studies in Section VI indicate that the bigger clow and θ are, the
better the respective ACO algorithm performs.

Authorized licensed use limited to: JILIN UNIVERSITY. Downloaded on November 30, 2009 at 04:32 from IEEE Xplore.  Restrictions apply. 



HUANG et al.: PHEROMONE-RATE-BASED ANALYSIS ON CONVERGENCE TIME OF ACO ALGORITHM 917

TABLE IV
COMPARISON OF KEY ITEMS AMONG EIGHT ANT SYSTEM

ALGORITHMS IN THE eil101 PROBLEM

TABLE V
COMPARISON OF KEY ITEMS BETWEEN EIGHT ANT SYSTEM

ALGORITHMS IN THE lin105 PROBLEM

In Tables III–V, Len_ave is the average length of the
best solution in 20 runs. The comparison results include the
following.

1) The ACO algorithms (AS-D-1, AS-D-k, AS-T-1, AS-T-k,
AS-TD-1, and AS-TD-k) that belong to the AS-3 and
AS-4 cases obtained better solutions than the algorithms
(AS-Q-1 and AS-Q-k) of the AS-1 and AS-2 cases. It ver-
ifies the first conclusion of the case studies in Section VI.

2) The algorithms (AS-TD-1 and AS-TD-k) with larger
values of c̃low attain better performances, which proves
the second conclusion of case studies in Section VI.

3) The algorithms (AS-D-1 and AS-TD-k) with larger θ̃min,
θ̃max, θ̃ave, and N+

θ̃
values perform better, which testifies

to the third conclusion of case studies in Section VI.
4) The ten-ant ACO algorithms (AS-D-k, AS-T-k, and

AS-TD-k) perform better than the one-ant ACO algo-
rithms (AS-D-1, AS-T-1, and AS-TD-1), which proves
that AS-4 performs better than AS-3 as the last conclusion
of the case studies in Section VI suggests.

The following figures will indicate the results in detail.

Fig. 3. Length comparison among the one-ant ACO algorithms. (a) Results
of the berlin52 problem. (b) Results of eil101 problem. (c) Results of lin105
problem.

Figs. 3 and 4 show the length of the best-so-far solu-
tion per iteration on average of 30 runs for the tested ACO
algorithms. The results indicate that AS-TD-1 performs the
best among all four one-ant ACO algorithms. Figs. 5–8 show
that AS-TD-k performs the best among all four ten-ant ACO
algorithms.

Figs. 5–8 show the pheromone rate and N+

θ̃
(t) per iteration

in 30 runs on average for the tested ACO algorithms, where
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Fig. 4. Length comparison among the ten-ant ACO algorithms. (a) Results
of the berlin52 problem. (b) Results of the eil101 problem. (c) Results of the
lin105 problem.

N+

θ̃
(t) is the average positive-seta number of n dimensions at

the tth iteration. It is obvious that the order (from the largest
to the smallest) of the pheromone rate and N+

θ̃
(t) is nearly

the same as the order (from the shortest to the longest) of
the solution length to each TSP problem. The results again
prove the correctness of the conclusions of the case studies in
Section VI.

Fig. 5. Pheromone rate comparison among the one-ant ACO algorithms.
(a) Results of the berlin52 problem. (b) Results of the eil101 problem.
(c) Results of the lin105 problem.

VIII. CONCLUSION AND DISCUSSION

This paper proposes a theoretical result of an ACO runtime
analysis based on an absorbing Markov chain model, which
reveals the relationship between the pheromone rate and the
runtime of the ACO algorithm.

The convergence time is the measurement of the runtime of
an ACO in our study. First, the ACO algorithm is modeled
as an absorbing Markov chain, and some general theoretical
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Fig. 6. Pheromone rate comparison among the ten-ant ACO algorithms.
(a) Results of the berlin52 problem. (b) Results of the eil101 problem.
(c) Results of the lin105 problem.

results about the convergence time are introduced. Then, the
probability that an artificial ant selects a component of the
optimal solution is studied as a crucial factor having an im-
pact on the ACO runtime. Moreover, the result is specified
through analyzing the pheromone rate, with which two methods
for estimating the convergence time are proposed. The first
approach is suitable for the case where a unified low bound
of pheromone rate is definite. The second approach improves
the first one in three aspects: 1) estimating the iteration time

Fig. 7. N+

θ̃
(t) comparison among the one-ant ACO algorithms. (a) Results

of the berlin52 problem. (b) Results of the eil101 problem. (c) Results of the
lin105 problem.

that a pheromone rate spends in reaching the objective value,
which is named as first reaching time (FRT); 2) calculating the
expected convergence time based on the objective pheromone
rate; and 3) estimating the ACO runtime by using both FRT
and convergence time. Moreover, based on the analysis of this
paper, the condition where ACO algorithms converge in n-order
polynomial time is also given.
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Fig. 8. N+

θ̃
(t) comparison among the ten-ant ACO algorithms. (a) Results

of the berlin52 problem. (b) Results of the eil101 problem. (c) Results of the
lin105 problem.

The proposed method is used to analyze a class of brief ACO
algorithms as case studies. The convergence time of four ACO
algorithms is estimated. In the analysis, we find that the incre-
ment of the number of ants cannot improve the performance
of an ACO algorithm when the increment of pheromone rate
is constant. However, the convergence time could be reduced
in some special cases when the number of ants is larger. In

conclusion of the case studies, it can be drawn that a more
pheromone rate and pheromone rate difference per iteration can
reduce the runtime of the brief ACO algorithms.

As an application of the proposed theory, a result of the
numerical experiment is proposed to explain the different per-
formances of the ACO algorithms with different pheromone
updating rules. In the experiment, four one-ant ACO algorithms
and four ten-ant ACO algorithms are tested to solve benchmark
TSP problems. During the solution, several items are investi-
gated for the simulation of pheromone rate. As a result, the
investigation verifies the correctness of the conclusions of the
case studies.

The proposed results and methods are useful when the
pheromone rates for the components of the optimal solution are
able to increase in expectation during the searching. Therefore,
future study is suggested to extend the results into other kinds
of ACO algorithms and design rules to improve the ACO
algorithms in practice.

APPENDIX

A. Proof of Lemma 1

Proof: {ξ(t)}+∞t=0 is the stochastic process of discrete
state for ξ(t) = (X(t), T (t)) is denoted as discrete codes
in a computer. Because (X(t), T (t)) is only determined
by (X(t− 1), T (t− 1)) and {X(0), T (0)} can be arbi-
trary, P{ξ(t) ∈ Y ′|ξ(0), . . . , ξ(t− 1)} = P{ξ(t) ∈ Y ′|ξ(t−
1)} ∀Y ′ ⊆ Y . Thus, {ξ(t)}+∞t=0 is a Markov chain.

ξ(t) ∈ Y ∗ if sbs(t) = s∗. According to the fifth step of the
ACO algorithm (Fig. 1), sbs(t + 1) = sbs(t), so that ξ(t + 1) ∈
Y ∗ and P{ξ(t + 1) �∈ Y ∗|ξ(t) ∈ Y ∗} = 0.

Therefore, {ξ(t)}+∞t=0 is an absorbing Markov chain based on
Definition 4. �

B. Proof of Lemma 2

Proof: It is obvious that P{ξ(μ + 1) ∈ Y ∗|ξ(μ) ∈ Y ∗} =
1 is held, because ξ(t) ∈ Y ∗ when t = μ and {ξ(t)}+∞t=0 is an
absorbing Markov chain P{ξ(μ + 1) �∈ Y ∗|ξ(μ) ∈ Y ∗} = 0.

Similarly, P{ξ(t) ∈ Y ∗} = 1 when t ≥ μ. According to
Definition 8, P{ξ(t) ∈ Y ∗} < 1 when t < μ. Therefore, γ = μ
is held owing to Definition 7. �

C. Proof of Theorem 1

Proof: P{μ = t} = λ(t)− λ(t− 1) is held, since λ(t) =
P{ξ(t) ∈ Y ∗} = P{μ ≤ t} is true. It follows that λ(t)−
λ(t− 1) = P{μ ≤ t} − P{μ ≤ t− 1} = P{μ = t}.
Therefore, we have

Eμ =
+∞∑
t=1

t · (λ(t)− λ(t− 1))

=
+∞∑
t=1

t · (λ(t)− λ(t− 1))

= (λ(1)− λ(0)) + 2 (λ(2)− λ(1)) + · · ·
+ N (λ(N)− λ(N − 1)) + · · ·
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=
+∞∑
i=1

(λ(i)− λ(i− 1)) +
+∞∑
i=2

(λ(i)− λ(i− 1)) + · · ·

+
+∞∑
i=N

(λ(i)− λ(i− 1)) + · · ·

=
+∞∑
t=1

+∞∑
i=t

(λ(t)− λ(t− 1))

=
+∞∑
t=1

[
lim

N→+∞
λ(N)− λ(t− 1)

]

=
+∞∑
t=1

[1− λ(t− 1)] =
+∞∑
i=0

(1− λ(i)) .

According to Lemma 2, γ = μ is true so that Eγ =
∑+∞

i=0(1−
λ(i)) is held. �

D. Proof of Corollary 1

Proof: P{ξ(t) ∈ Y ∗|ξ(t− 1) ∈ Y ∗} = 1 is held, since
{ξ(t)}+∞t=0 is an absorbing Markov chain. Thus, it follows that

λ(t) = [1− λ(t− 1)] P {ξ(t) ∈ Y ∗|ξ(t− 1) �∈ Y ∗}
+ λ(t− 1)P {ξ(t) ∈ Y ∗|ξ(t− 1) ∈ Y ∗}

= [1− λ(t− 1)] pt + λ(t− 1) ∀t = 0, 1, 2, . . . .

Then, we have

1− λ(t) ≤ [1− pt] [1− λ(t− 1)] = [1− λ(0)]
t∏

i=1

(1− pi).

According to Theorem 1

Eγ =
+∞∑
t=0

(1− λ(t))

=
+∞∑
t=0

[1− λ(0)]
t∏

i=1

(1− pi)

≤ a [1− λ(0)]
+∞∑
t=0

(1− a)t

≤ [1− λ(0)]
1
a

= a−1 [1− λ(0)] .

Similarly, Eγ ≥ b−1[1− λ(0)].
Hence, b−1[1− λ(0)] ≤ Eγ ≤ a−1[1− λ(0)] is held. �

E. Proof of Corollary 2

Proof: Because q(i, t, s∗) ≥ plow > 0 (t = 1, 2, . . . and
i = 1, . . . , n) is true, we have

pt = P {ξ(t) ∈ Y ∗|ξ(t− 1) �∈ Y ∗} ≥ 1− (1− pn
low)K .

According to Corollary 1, it is obvious that Eγ ≤ (1−
λ(0))[1− (1− pn

low)K ]−1 is held. �

F. Proof of Corollary 3

Proof: Because q(i, t, s∗) ≥ plow = [1− (1−
P (n)−1)1/K ]1/n > 0 (t = 1, 2, . . . and i = 1, . . . , n) is true,
according to Corollary 1, we have

Eγ ≤ (1− λ(0))
[
1− (1− pn

low)K
]−1

= (1− λ(0)) P (n).

Fig. 1 shows that X(0) = {sbs(0)} ∪ Siter(0) = ∅; there-
fore, λ(0) = 0. Hence, Eγ ≤ P (n) is held, which means that
the time complexity of an ACO algorithm can be a polynomial
of n order. �

G. Proof of Corollary 4

Because

q(i, t, s∗) = P (si = a∗i |T, xi−1)

=
τα
(
a∗i−1, a

∗
i , t
)
ηβ
(
a∗i−1, ai

)
∑

〈a∗
i−1,x〉∈J(a∗

i−1)
τα
(
a∗i−1, x, t

)
ηβ
(
a∗i−1, x

)

≥ ηβ
(
a∗i−1, a

∗
i

)
τα
(
a∗i−1, a

∗
i , t
)

ηβ
(
a∗i−1,max

) ∑
〈a∗

i−1,x〉∈J(a∗
i−1)

τα
(
a∗i−1, x, t

)

≥ c(i, t)
ηβ
(
a∗i−1, a

∗
i

)
ηβ
(
a∗i−1,max

)
≥ clow

ηβ
(
a∗i−1, a

∗
i

)
ηβ
(
a∗i−1,max

) > 0

is true, it is obvious that

Eγ ≤ (1− λ(0)) ·
⎡
⎣1−

(
1− cn

low

ηβ
(
a∗i−1, a

∗
i

)
ηβ
(
a∗i−1,max

)
)K
⎤
⎦
−1

according to Theorem 1. �

H. Proof of Theorem 2

Proof: Let t′ = t− t0 and c(i, t′) ≥ clow(t0) > 0
for t′ = 1, 2, . . . and i = 1, . . . , n. According to
Corollary 2, ω(clow, t0)=(1−λ(0))[1−(1−cn

lowηβ(a∗i−1, a
∗
i )/

ηβ(a∗i−1,max))K ]−1. Because c(i, t′) ≥ clow > 0 when t > t0,
we have

Eγ ≤ t0 + ω(clow, t0). (13)

Based on Corollary 1, Eγ =
∑+∞

t=0[(1− λ(0))
∏t

i=1(1− pi)]
is held. According to Definition 2, we have ξ(0) =
(X(0), T (0)) and X(0) = {sbs(0)} ∪ Siter(0). Because
X(0) = ∅ as shown in steps 2–3 of Fig. 1, λ(0) = 0 and
Eγ =

∑+∞
t=0[

∏t
i=1(1− pi)] are true.

Because λ(0)=0⇔ P{ξ(0)∈Y ∗}=0, p1 =P{ξ(1)∈Y ∗|
ξ(0) �∈Y ∗}=P{ξ(1)∈Y ∗}; therefore, Eγ =

∑+∞
t=0[

∏t
i=1(1−

pi)] has no relation with ξ(0).
Thus, E[Eγ|ξ(0)] = Eγ.
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E
{
c(i, t + 1)|ξas-1(t)

}
=

∑
〈ai−1,y〉∈J(ai−1)−{〈ai−1,ai〉}

⎡
⎢⎣ τ(ai−1, y, t)∑
〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
· τ(ai−1, ai, t)
Q +

∑
〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)

⎤
⎥⎦

+
τ(ai−1, ai, t)∑

〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
· τ(ai−1, ai, t) + Q

Q +
∑

〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)

=
τ(ai−1, ai, t)

Q +
∑

〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
+

τ(ai−1, ai, t)∑
〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
· Q

Q +
∑

〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)

=
τ(ai−1, ai, t)∑

〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
= c(i, t)

E
{
c(i, t + 1)|ξas-3(t)

}
=

∑
〈ai−1,y〉∈J(ai−1)−{〈ai−1,ai〉}

⎡
⎢⎣ τ(ai−1, y, t)∑
〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
· τ(ai−1, ai, t)

l

⎤
⎥⎦

+
τ(ai−1, ai, t)∑

〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
· τ(ai−1, ai, t) + Δτ(ai−1, ai, t)

g

=
∑

〈ai−1,y〉∈J(ai−1)−{〈ai−1,ai〉}

⎡
⎢⎣ τ(ai−1, ai, t)∑
〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
· τ(ai−1, y, t)

l

⎤
⎥⎦

+
τ(ai−1, ai, t)∑

〈ai−1,x〉∈J(ai−1)

τ(ai−1, x, t)
· τ(ai−1, ai, t) + Δτ(ai−1, ai, t)

g

=

⎡
⎣τ(ai−1, ai, t) + Δτ(ai−1, ai, t)

g
+

∑
〈ai−1,y〉∈J(ai−1)−{〈ai−1,ai〉}

τ(ai−1, y, t)
l

⎤
⎦ · c(i, t)

=

⎡
⎣τ(ai−1, ai, t) + Δτ(ai−1, ai, t)

g
+

h

g
+

∑
〈ai−1,y〉∈J(ai−1)−{〈ai−1,ai〉}

τ(ai−1, y, t)
g

⎤
⎦ · c(i, t)

=
(

g

g
+

h

g

)
· c(i, t) = [1 + θ(i, t)] c(i, t)

Because ω(clow, t0)=(1−λ(0))[1−(1−cn
low(ηβ(a∗i−1, a

∗
i )/

ηβ(a∗i−1,max)))K ]−1, which has no relation with ξ(0),
E[ω(clow, t0)|ξ(0)] = ω(clow, t0).

Hence, according to (13), we have Eγ ≤ E[t0|ξ(0)] +
ω(clow, t0). �

I. Proof of Theorem 3

Proof: Because K = 1 and Δτ(x, y) = Q (Q is a con-
stant), we obtain the first set of equations shown at the top of
the page. �

J. Proof of Theorem 4

Proof: According to (9) and Δτ(x, y, t), we have the
second set of equations shown at the top of the page. �
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