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Abstract—Semisupervised dimensionality reduction has been
attracting much attention as it not only utilizes both labeled and
unlabeled data simultaneously, but also works well in the situation
of out-of-sample. This paper proposes an effective approach of
semisupervised dimensionality reduction through label propagation and label regression. Different from previous efforts, the
new approach propagates the label information from labeled to
unlabeled data with a well-designed mechanism of random walks,
in which outliers are effectively detected and the obtained virtual
labels of unlabeled data can be well encoded in a weighted regression model. These virtual labels are thereafter regressed with a
linear model to calculate the projection matrix for dimensionality
reduction. By this means, when the manifold or the clustering
assumption of data is satisfied, the labels of labeled data can be
correctly propagated to the unlabeled data; and thus, the proposed
approach utilizes the labeled and the unlabeled data more effectively than previous work. Experimental results are carried out
upon several databases, and the advantage of the new approach is
well demonstrated.
Index Terms—Dimensionality reduction, label propagation,
label regression, semisupervised learning, subspace learning.

I. I NTRODUCTION

T

HE dimensionality of data is usually very high—more
than a thousand or so in many real applications, e.g., face
recognition [1]–[4], cross-media retrieval [5], text categorization, gene expression data classification [6], and image segmentation [7]. Directly working on such high dimensional data is
not only time consuming but also computationally unreliable.
Therefore, dimensionality reduction plays an important role to
solve these problems. Over the past years, many approaches
of dimensionality reduction have been proposed [8]–[12], and
the most representative ones are probably principal components analysis (PCA) and linear discriminant analysis (LDA)
[13]. PCA is an unsupervised dimensionality reduction method,
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which aims to maximize the variance in the low-dimensional
space while LDA is supervised and its goal is to maximize the
discriminative power in the low-dimensional space.
In general, the supervised approaches of dimensionality reduction are suitable for tasks of classification when there are
sufficient (i.e., a large-enough pool) labeled data available.
Unfortunately, in real cases, labeled data are usually scarce, and
to label a large number of data would require expensive human
labor in practice. On the other hand, unlabeled data are usually
abundant and relatively easier to obtain. To effectively utilize the labeled and unlabeled data simultaneously, semisupervised learning was proposed and has attracted much attention
recently [14].
Many traditional semisupervised learning approaches, such
as Gaussian Field and Harmonic Function (GFHF) [15] and
Local and Global Consistency (LGC) [16] work on transductive
setting and cannot deal with arbitrary new coming data, which
is known as the out-of-sample problem [17]. In contrast, semisupervised dimensionality reduction methods not only reduce
the dimension but also naturally solve the out-of-sample problem. It is more practical and therefore has attracted more interest in practice. Many semisupervised dimensionality reduction
methods have been proposed in the past few years [18]–[24].
The basic ideas of most of these methods can be categorized
into two main types, namely: 1) to consider the manifold
regularization term [25] in the original objective function of the
approaches for supervised dimensionality reduction; and 2) to
construct graph using the information of labeled and unlabeled
data and then to directly perform the graph-based dimensionality reduction approaches with the constructed graph [26].
This paper proposes a novel approach for semisupervised dimensionality reduction. The new approach has two main steps,
namely: 1) it propagates the label information from labeled to
unlabeled data, from which the virtual labels of unlabeled data
are obtained; and 2) it then regresses these virtual labels with
a linear model to calculate the projection matrix for dimensionality reduction. In here, the first step of label propagation
is a double-blade sword. On one hand, when the condition of
the manifold assumption or the clustering assumption of data is
well satisfied, the labels of labeled data can be correctly propagated to the unlabeled data; and thus, the proposed method
utilizes both labeled and unlabeled data more effectively. On
the other hand, when the two assumptions however do not hold,
the procedure of label propagation might not be reliable, which
could severely deteriorate the performance of the proposed
approach. To reduce the negative effect, a new label propagation
mechanism is adopted in a special way named random walks,
in which the outlier of data can be effectively detected, and
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the obtained virtual labels are probability values that can be
conveniently encoded in the weighted linear regression model.
The newly proposed method can actually be regarded as a
methodological framework for extending existing approaches
of any supervised/unsupervised dimensionality reduction to the
form of semisupervised ones. Its motivation and basic ideas
are significantly different from previous efforts for the same
purpose. Previous work mainly adds the manifold regularization term into the original objective functions and/or performs
original graph-based algorithms with the graph constructed by
the labeled and unlabeled information. However, in this new
framework, a label propagation with outlier detection is first developed to obtain the virtual labels of unlabeled data, and then
any other supervised or unsupervised dimensionality reduction
algorithm can be directly extended into the semisupervised
counterpart by performing this algorithm with the labels of
labeled data and the virtual labels of unlabeled data. More
importantly, due to the label propagation procedure, the new
framework could explore the distribution of the labeled and
unlabeled data more effectively to learn a better subspace for
dimensionality reduction when the manifold assumption or the
clustering assumption of data, which is the basic assumptions
for semisupervised learning, is well satisfied.

II. T RANSDUCTIVE L EARNING AND O UTLIER
D ETECTION VIA R ANDOM WALKS
Given labeled and unlabeled data x1 , x2 , . . . , xn ∈ Rd , the
goal of transductive learning is to predict the class labels for
the unlabeled data. Random walks on graph is an effective
approach for transductive learning [15]. Via random walks, the
distribution of labeled and unlabeled data can be effectively
explored to learn the labels for the unlabeled data. First, we
construct a neighborhood weighted graph on given data. There
are many methods to construct the graph. For example, we
could construct the graph through many manifold methods,
such as locally linear embedding [27], local tangent space
alignment [28], local spline embedding [29], etc. In this paper,
we use a popular method to construct the graph as follows: If
xi is in the k-neighbors of xj or xj is in the k-neighbors of xi ,
then xi and xj are linked by a weight computed by
2

Aij = e−xi −xj  /σ 2

(1)

otherwise, Aij = 0. Here, σ is the variance,  ·  is the twonorm of the vector, i.e., x2 = xT x. The transition probability matrix on the graph is defined as P = D−1 A, where
D is adiagonal matrix with the ith diagonal element as
Dii = j Aij .
In the traditional random walk approaches [15], walks starting from an unlabeled data point can only stop at a labeled data,
which indicates that the unlabeled data can only be predicted to
one of the labeled classes. While in many real world applications, there are some outliers in the data or the labeled classes
might not cover all the possible classes in the application. In
order to capture the outliers or the data from the class other
than the labeled classes, we consider special random walks on

Fig. 1. Each data point xi randomly walks to its neighbors with the probability determined by P . There is a probability 1 − α to return to itself at one
walk. The walks will stop when they hit one of the data points on the graph
twice consecutively. (a) Labeled data. (b) Unlabeled data.

the graph (see Fig. 1) and define a new transition probability
matrix P̃ as
P̃ = Iβ + Iα P

(2)

where Iα is a diagonal matrix; the ith diagonal element of
which is zero if xi is a labeled data point and is α(0 ≤ α < 1);
otherwise, Iβ = I − Iα in which I denotes the identity matrix.
Note that the sum of each row of P̃ is equal to one, which
indicates P̃ is a stochastic matrix. Based on the transition
probability matrix P̃, the stop rule of the special random walks
is defined as the following: Each point walks randomly on the
graph based on the transition probability matrix P̃ and stops
when it consecutively hits one of the points on the graph twice.
It is considered to have hit the starting point once before the
walks.
Define the initial label matrix Y = [Y1T , . . . , YnT ]T ∈
n×(c+1)
, where Yi ∈ R1×(c+1) (1 ≤ i ≤ n), c is the number
R
of classes. For the labeled data xi , Yij = 1 if xi is labeled
as j and Yij = 0 otherwise. For the unlabeled data xi , Yij =
1 if j = c + 1 and Yij = 0 otherwise. Note that we add an
additional class c + 1 in order to detect outlier data.
Denote P̂ = Iα P and (P̂n )ij as the (i, j)th entry of P̂n . It
can be seen that the value of (P̂n )ij is the probability of the ith
point reaching the jth point at the nth step before stop.
Denote G as
G = Iβ + P̂Iβ + P̂2 Iβ + · · · + P̂n Iβ + · · · .

(3)

Note that the value of (P̂k Iβ )ij is the probability of the ith point
stopping the walks at the jth point at the kth step, so Gij is the
probability of the ith point stopping the walks at the jth point.
Note that the ∞-norm of matrix P̂ is lower than one in
the case of 0 ≤ α < 1. According to the matrix property, the
spectral radius of P̂ is less than the ∞-norm, i.e., ρ(P̂) < 1.
Therefore,
I − P̂ is invertible, and limt→∞ P̂t = 0, so we have
t−1
limt→∞ i=0 (Iα P)i Iβ = (I − Iα P)−1 Iβ ; and thus, G can be
written as G = (I − Iα P)−1 Iβ . Calculate the soft label matrix
F = [FT1 , . . . , FTn ]T ∈ Rn×(c+1) by
F = GY.

(4)

We can see that Fij (j ≤ c) is the probability of the ith point
which stops the random walks at the labeled data point whose
label is j, and Fij (j = c + 1) is the probability of the ith point
which stops the random walks at one of the unlabeled data
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point. The random walks that can stop at the unlabeled data
points makes our algorithm having the mechanism to discover
novel class or outlier in data.
Denote 1n = [1, . . . , 1]T ∈ Rn×1 , we have


P1n = 1n
Y1c+1 = 1n
⇒ Iα P1n + Iβ Y1c+1 = 1n

least squares regression problem as follows:
W = arg min J (W, b)

(5)

Therefore, the elements in F are probability values, and Fij
can be seen as an estimation of the posterior probability of
xi belonging to class j. When j = c + 1, Fi,c+1 denotes the
probability of xi belonging to the outlier.
In the special random walks, if an unlabeled sample is similar
to one of the labeled samples, the walks starting from this
unlabeled sample will stop at the labeled sample with high
probability. If this unlabeled sample is an outlier or from a novel
class, this sample is not similar to any of the labeled samples,
and the walks starting from this unlabeled sample will stop at
one of the unlabeled samples with high probability. Therefore,
the outliers would be effectively detected by this special random
walks, and it is enough to treat all the outliers with one extra
class. Moreover, it is worth to emphasize that the obtained
virtual label for each data by the special random walks is of
probability value. As it can be seen in the next section, using
the virtual labels with probability values, it is convenient to
construct a weighted label regression model to learn the optimal
subspace.
III. E FFICIENT S EMISUPERVISED S UBSPACE L EARNING
AND C LASSIFICATION T HROUGH V IRTUAL
L ABEL R EGRESSION
Transductive learning only predicts the labels of the given
unlabeled data and cannot predict the label for new coming data
point. The reason is that transductive learning does not learn a
model. To handle this out-of-sample problem, we use a linear
model to approximate the predicted labels of the unlabeled
data and propose an efficient semisupervised subspace learning
through label regression. As the linear model is introduced in
the algorithm, new data can also be handled with the learned
projection matrix W; and thus, the out-of-sample problem is
naturally solved with the algorithm.

where
J (W, b) = γW2 +

n

c

Fij WT xi + b − tj 2 (8)

and γ is the regularization parameter. From (8), we can see that
the virtual labels with probability values can be conveniently
encoded in this weighted regression model. When Fi,c+1 is a
large value near one, which implies that the probability of xi
belonging to outlier is large, then the values of Fi,j (1 ≤ i ≤ c)
are small, and then the effect of the outlier data point xi is not
too much in the regression model according to (8).
For convenience, we rewrite (8) in matrix form as
J (W, b) = γtr(WT W)+tr(WT X+b1T )S(WT X+b1T )T
− 2trFc (WT X + b1T ) (9)
where S ∈ Rn×n is 
a diagonal matrix with the i diagonal
element being Sii = cj=1 Fij ; Fc ∈ Rn×c is formed by the
first c columns of F, 1n = [1, 1, . . . , 1]T ∈ Rn×1 ; and the data
matrix X = [x1 , x2 , . . . , xn ] ∈ Rd×n .
By setting the derivative w.r.t. b and W to zero, respectively,
we have

1
FTc − WT XS 1n ,
b = 1T S1
n
n
(10)
γW + XSXT W + X(S1n bT − Fc ) = 0.
According to (15), the optimal solution to the regression
problem (18) is
W = (XLs XT + γI)−1 XCs Fc

A. Label Regression
Consider the linear model as follows:
(6)

where W ∈ Rd×c is the projection matrix; and b ∈ Rc×1 is the
bias term.
Denote ti = [0, . . . , 0, 1, 0, . . . , 0]T as the class indicator
     
i−1

c−i

vector for the ith class. We consider a weighted and regularized

(11)

where I denotes an identity matrix with proper size; Ls =
S − (1/1Tn S1n )S1n 1Tn S is a Laplacian matrix; and Cs = I −
(1/1Tn S1n )S1n 1Tn is a weighted centering matrix, which is
also a Laplacian matrix.
B. Efficient Semisupervised Subspace Learning
Now we obtain the projection matrix W ∈ Rd×c for subspace learning via the label propagation and regression. For
any data point x ∈ Rd×1 , the projected data point y can be
calculated by
y = WT x = FTc CTs XT (XLs XT + γI)−1 x.

y = WT x + b

(7)

i=1 j=1

⇒ Iβ Y1c+1 = (I − Iα P)1n
⇒ (I − Iα P)−1 Iβ Y1c+1 = 1n .

677

(12)

We describe the proposed semisupervised subspace learning
algorithm in Table I. From Table I, we can see that the algorithm
needs to calculate the soft label matrix F by (4) and calculate
the projection matrix W by (11). In fact, the F and W can
be obtained by solving the linear system of equations, which is
very efficient and can be performed on large-scale data sets. In
contrast, LDA and semisupervised discriminant analysis (SDA)
are to solve the eigenvalue decomposition problem, which is
computationally expensive. Therefore, the algorithm proposed
in this paper is much more efficient.
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TABLE I
E FFICIENT S EMISUPERVISED D IMENSIONALITY R EDUCTION A LGORITHM

Note that (XLs XT + γI)−1 X = X(Ls XT X + γI)−1 , so
(11) can be rewritten as
W = X(Ls XT X + γI)−1 Cs Fc

(13)

and thus, for any data point x ∈ R , the projected data
point y can be calculated by y = WT x = FTc CTs (XT XLs +
γI)−1 XT x. Note that the algorithm using (13) only involves
inner product operation; therefore, the proposed algorithm can
be easily extended to the nonlinear version by using the kernel
tricks. We can also use the general kernelization framework
in [30] to obtain the kernel version of the proposed linear
algorithm.

Then, for any data point x ∈ Rd×1 , the projected data point y
can be calculated by y = WoT (WT x + b) + bo , and the class
label i∗ of x is predicted by
i∗ = arg max y(i)
i

d×1

C. Directly Classification With Verification
Once the projection matrix W is obtained, we can project
data by W and apply any classifier, such as the nearest neighbor
classifier on the projected low-dimensional data for classification. Similarly to the regularized least squares and Laplacian
regularized least squares (LapRLS/L) approaches, we can also
directly classify data using the classification function y =
WT x + b as they all use the linear model as in (6). However, in
some applications, the performance reaches the optimal when
the regularization parameter is set to a large value. In this case,
the values y = WT xi + b would deviate severely from the true
label values to be regressed for the labeled data xi . In this paper,
we propose to use an additional affine transformation matrix
Wo ∈ Rc×c and bias bo ∈ Rc×1 to rectify the deviation for the
labeled data. Without loss of generalization, we assume that the
first l data are labeled, and the remaining data are unlabeled.
Specifically, we solve the following optimization problem:
l

WoT (WT xi

{Wo , bo } = arg min

+ b) + bo − tyi

i=1

where W and b are calculated in Section III-A; and yi is the
class label of xi . Denote the labeled data matrix by Xl =
[x1 , x2 , . . . , xl ], it is easy to derive that the optimal solution
to the aforementioned problem is
Wo = (F̃T Lc F̃)−1 F̃T L
 c T,
1
T
T
bo = l F̃ − Wo Xl 1l

where y(i) is the ith element of y.
D. Discussion
Given the weight matrix A as in (1), the computation complexity of calculating the virtual label matrix F with (4) is
O(knc), where k, n, and c are the number of neighbors, data,
and classes, respectively. Following the idea in [31], we can see
that the computation complexity of calculating the projection
matrix W with (11) is O(nsc), where s is the averaged number
of nonzero of data points. In practice, k
s; thus, the computation complexity of the whole algorithm proposed in this paper
is O(nsc). While traditional dimensionality reduction methods
involve eigen-decomposition, the computation complexity is
O(d3 ) or O(d2 c) if only c eigenvectors are to be calculated,
where d is the dimensionality of data points. Obviously, when
the training data is very highly dimensional and sparse (i.e., s
is very small), the method proposed in this paper is much more
efficient than traditional dimensionality reduction methods.
Recently, a series work on spectral regression (SR) was
proposed [32], which also uses regression for dimensionality
reduction. Although SR can also employ semisupervised dimensionality reduction, the idea is significantly different from
us. In SR, the virtual label matrix G ∈ Rn×c is calculated by
eigen-decomposition as follows:
L1 G = L2 GΛ

2

(14)

(15)

where Lc = I − (1/l)1l 1Tl is the centering matrix; F̃ =
XTl W + 1l bT ∈ Rl×c ; 1l = [1, 1, . . . , 1]T ∈ Rl×1 ; and T =
[ty1 , ty2 , . . . , tyl ]T ∈ Rl×c .

(16)

(17)

where L1 and L2 are two Laplacian matrices that lie on a specific graph-based embedding algorithm; and Λ is the eigenvalue
matrix of L1 and L2 . Then, the projection matrix W is obtained
by solving the following regularized least squares regression:
W = arg min γW2 +
W,b

n

WT xi + b − g i 2

(18)

i=1

where g i denotes the ith row of G.
We can see that both of the two steps of the SR algorithm
are different from that of the proposed algorithm in this paper.
In the first step, SR directly constructs the Laplacian matrices
using labeled and unlabeled data, while our method uses a welldeveloped label propagation with outlier detection, in which
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the distribution of the labeled and unlabeled data are explored
more effectively. In the second step, SR uses the ordinary
regularized least squares regression to obtain the projection
matrix, while our method uses a weighted regularized least
squares regression such that the effect of outliers could be
alleviated in the regression.
IV. E XPERIMENTS
We evaluate the proposed semisupervised subspace learning
algorithm through virtual label regression (VLR) on image
recognition problem and compare it with some state-of-theart algorithms, including regularized linear discriminant analysis (RLDA) [33], GFHF [15], LGC [16], SDA [19] and
LapRLS/L [34].
We use four image databases in the experiments, including
University of Manchester Institute of Science and Technology (UMIST), Columbia Object Image Library (COIL)-20,
YALE-B, and Carnegie Mellon University Pose, Illumination,
and Expression (CMU PIE). The UMIST repository is a multiview face database, consisting of 575 images of 20 people,
each covering a wide range of poses from profile to frontal
views. The size of each cropped image is 112 × 92 with
256 gray levels per pixel [35]. We down-sample the size of each
image to 28 × 23, and no other preprocessing is performed.
The COIL-20 data set [36] consists of images of 20 objects
viewed from varying angles at the interval of five degrees,
resulting in 72 images per object. Similarly, each image is
down-sampled to the size of 32 × 32. The YALE-B database
[37] used in this experiment contains 38 subjects, with each
person having around 64 near frontal images under different
illuminations. The images are cropped and then resized to
32 × 32 pixels. The CMU PIE database [38] contains more than
40 000 facial images of 68 people. The images were acquired
over different poses, under variable illumination conditions,
and with different facial expressions. In the experiment, we
choose the images from the frontal pose (C27), and each subject
has around 49 images from varying illuminations and facial
expressions. The images are cropped and then resized to 32 ×
32 pixels.
For the semisupervised algorithms GFHF, LGC, SDA,
LapRLS/L, and VLR, the weights in the neighborhood graph
are computed by (1), and the variance σ is determined by

d¯
(19)
σ=τ −
ln(1/k)
where d¯ is the average of squared Euclidean distances for all
the edged pairs on the graph; k is the neighbor number to
construct the neighborhood graph; and τ is a parameter. Note
that we transform the parameter σ in (1) to τ . The parameter σ
should be tuned from the range of (0, ∞), while the parameter
τ only need to be tuned from the range of (0, 1]. Experimental
results show that when k = 10 and τ = 0.3, all the compared
semisupervised algorithms can obtain good performance in
general. Therefore, we fix the parameters k = 10 and τ = 0.3
in the experiments. For the dimensionality reduction algorithms
RLDA and SDA, the reduced dimension is c − 1, while for
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LapRLS/L and VLR, the reduced dimension is c, where c is
the number of classes. There is one regularization parameter in
RLDA and VLR, and two regularization parameters in SDA and
LapRLS/L. All the regularization parameters are searched from
grid {10−9 , 10−6 , 10−3 , 100 , 103 , 106 , 109 }. The parameter α
in VLR is searched from grid {0.1, 0.3, 0.6, 0.9, 0.9999,
0.9999999, 0.9999999999}. Note that there all are two parameters to be tuned in the semisupervised dimensionality reduction
algorithms SDA, LapRLS/L, and VLR for fair comparison.
In all the experiments, PCA is used as a preprocessing
step to remove the null space of data covariance matrix and
preserve 95% energy of data. We randomly select 60% data
as the transductive training set and the remaining data as the
unseen test set. Among the training set, we randomly label 1, 3,
or 5 samples per class and remain the other samples as unlabeled data. For RLDA, only the labeled set is used to learn the
subspace, while for GFHG, LGC, SDA, LapRLS/L, and VLR,
the whole training set is used to learn the subspace. Note that
when only one sample in each class is labeled, the supervised
method RLDA cannot be performed. We report the mean
recognition accuracy and standard deviation corresponding to
the best parameters over 20 random splits on the unlabeled data
set and the unseen test data set.
A. Comparison of Performance With Direct Classification
Before and After Verification
In this experiment, we verify the performance of LapRLS/L
and VLR with direct classification before and after the proposed
verification by (15). The experimental results are reported in
Table II. From the results, we observe that, in most cases,
the proposed verification would improve performance when
the direct classification function y = WT x + b is used in
LapRLS/L and VLR.
B. Comparison of Performance With Nearest
Neighbor Classifier
In this experiment, we verify the performance of VLR, and
compare it with other state-of-the-art dimensionality reduction
methods with the one-nearest neighbor classifier. The experimental results are reported in Table III. From the results we
have the following observations:
1) The compared semi-supervised dimension reduction algorithms outperform supervised LDA, which demonstrates that unlabeled data can be used to improve the
recognition performance.
2) Our method VLR outperforms LDA, SDA and LapRLS/L
in most cases in terms of the recognition accuracy on the
unlabeled data set and the unseen test data set. Although
GFHF and LGC outperforms VLR in some cases, GFHF
and LGC cannot cope with the unseen data.
3) When the manifold assumption or the clustering assumption is well satisfied such as in UMIST and COIL-20
databases, GFHF, LGC and our method VLR perform
much better than SDA and LapRLS/L.
4) When the manifold assumption or the clustering assumption is not well satisfied such as in Yale-B and CMU PIE
databases, traditional label propagation algorithms GFHF
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TABLE II
R ECOGNITION P ERFORMANCE (M EAN R ECOGNITION ACCURACY ± S TANDARD D EVIATION %) OF L AP RLS/L AND VLR OVER 20 R ANDOM S PLITS ON
F OUR DATABASES . T HE C LASSIFIER I S U SING THE C LASSIFICATION F UNCTION y = WT x + b W ITH OR W ITHOUT THE V ERIFICATION BY (15)

TABLE III
R ECOGNITION P ERFORMANCE (M EAN R ECOGNITION ACCURACY ± S TANDARD D EVIATION %) OF RLDA, GFHF, LGC, SDA,
L AP RLS/L, AND VLR OVER 20 R ANDOM S PLITS ON F OUR DATABASES

and LGC perform very bad. While our method VLR was
not affected too much in this case due to the effectiveness
of the proposed label propagation method to detect the
outliers in data.
C. Performance Analysis on the Parameters
In this experiment, we explore how the parameters of algorithms influence the performance. The experimental setting is
the same as the experiment in Section IV-B. The parameters
setting are the same as the previous experiments except the

specific parameter to be explored. In the training data set, three
samples per class are randomly selected as the labeled data
and remain the other samples as the unlabeled data. The mean
accuracies of the training unlabeled data and the test data with
different parameters are reported in this experiment.
1) Performance Analysis on the Regularization Parameter:
In RLDA, SDA, LapRLS/L, and VLR, the Tikhonov regularization [39] term γtrWT W is used to improve the generalization
performance. The experimental results are shown in Fig. 2.
We can see that the performance of RLDA and VLR are not
influenced too much when the regularization parameter γ is
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Fig. 2. Accuracy versus the regularization parameter in RLDA, SDA, LapRLS/L, and VLR on the four databases. (a) UMIST. (b) COIL-20. (c) YALE-B.
(d) CMU PIE.

small, while SDA and LapRLS/L might not perform well when
γ is small and thus should be carefully tuned in the application.
2) Performance Analysis on the Parameter to Control the
Unlabeled Data: In semisupervised dimensionality reduction
methods SDA and LapRLS/L, there is one parameter used to
control the tradeoff between the labeled and the unlabeled data.
In our method, VLR, the parameter α in (2) is also a parameter
to control the effect of unlabeled data on the label regression
procedure. If α → 0, then Fij (j <= c) → 0; and thus, the
unlabeled data will have little effect on the label regression
function in (8). If α → 1, then Fij (j = c + 1) → 0; and thus,
the virtual labels of the unlabeled data will play an important
role on the label regression function in (8).
In the experiment, we explore the performance of SDA and
LapRLS/L with different values of the parameter ranged from
10−9 to 109 and the performance of VLR with different values
of the parameter α ranged from 0 to 1. The experimental results
are shown in Fig. 3. Note that the values of the abscissa for
VLR in the figure are ranged from {0.1, 0.3, 0.6, 0.9, 0.9999,
0.9999999, 0.9999999999}. From the results, we can see that
the parameter in SDA, LapRLS/L, and VLR has significant
influence on the performance. Interestingly, we find that the
performance is better when the parameter α is larger on the
data sets UMIST and COIL-20, while on the data sets YALE-B
and CMU PIE, the performance is better when the parameter α
is smaller. From the results of GFHF and LGC, we can infer
that the data sets UMIST and COIL-20 have clear manifold
structures while the data sets YALE-B and CMU PIE do not
have. In practice, we can set the parameter α in VLR to be a
large value near one if the data has a clear manifold structure
and set it to be a small value near zero if the manifold structure
of data is not very clear.

3) Performance Analysis on the Parameters to Construct
the Graph: In the semisupervised dimensionality reduction
methods SDA, LapRLS/L, and VLR, there are two parameters
that need to be predefined to construct the graph, including the
number of neighbors k and the σ in (1). In the experiment, we
explore the influence of these two parameters on performance.
The results on these two parameters are shown in Figs. 4 and
5, respectively. The baseline value σ0 in Fig. 5 is calculated
by (19) where τ = 1. From the results, we can see that the
parameter k has a relatively small influence on the performance
in a large range from 10 to 50, while the the parameter σ has a
relatively significant influence on the performance. Generally,
the performance would be well when the value of σ belongs to
[0.1, 0.4] in all the three methods.
D. Performance Analysis on the Number of Unlabeled Data
An effective semisupervised method would improve the performance when the number of the available unlabeled data
increases. To explore how the semisupervised dimensionality
reductions utilize the unlabeled data, in this experiment, we verify the performance of SDA, LapRLS/L, and VLR on different
numbers of unlabeled data. The experimental and the parameter settings are the same as the experiment in Section IV-B,
except the split percentage between the training and the test
data set. In the training data set, three samples per class are
randomly selected as the labeled data, and the other samples
are remained as the unlabeled data. The mean accuracies of the
training unlabeled and the test data with different parameters
are shown in Fig. 6.
From the experimental results, we can see that the performances of all the three semisupervised dimensionality
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Fig. 3. Accuracy versus the parameter that controls the tradeoff between the labeled and the unlabeled data in SDA, LapRLS/L, and VLR on the four databases.
Note that the values of the abscissa for VLR in the figure are ranged from {0.1, 0.3, 0.6, 0.9, 0.9999, 0.9999999, 0.9999999999}. (a) UMIST. (b) COIL-20.
(c) YALE-B. (d) CMU PIE.

Fig. 4. Accuracy versus the number of neighbors k in SDA, LapRLS/L, and VLR on the four databases. (a) UMIST. (b) COIL-20. (c) YALE-B. (d) CMU PIE.

reduction methods are improved when the number of the available unlabeled data increases, which indicates that semisupervised dimensionality reduction method could indeed improve
the performance when using the unlabeled data. The results
also show that the improvement speed of our VLR method is
much faster than that of SDA and LapRLS/L, which indicates

that the proposed VLR method could utilize the unlabeled data
more effectively. The improvement speeds of VLR on the data
sets UMIST and COIL-20 are much faster than on the data sets
YALE-B and CMU PIE, which further verifies that the manifold
structures of UMIST and COIL-20 are clearer than those of
YALE-B and CMU PIE.
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Fig. 5. Accuracy versus the σ in (1) in SDA, LapRLS/L, and VLR on the four databases. The baseline value σ0 is calculated by (19) where τ = 1. (a) UMIST.
(b) COIL-20. (c) YALE-B. (d) CMU PIE.

Fig. 6. Accuracy versus the number of training data (including the labeled and the unlabeled data) in SDA, LapRLS/L, and VLR on the four databases.
(a) UMIST. (b) COIL-20. (c) YALE-B. (d) CMU PIE.

V. C ONCLUSION
In this paper, we have proposed an efficient semisupervised
dimensionality reduction algorithm through label propagation
and regression. The basic idea is different from the previous
methods, and the distribution of labeled and unlabeled data is
effectively explored by using a special designed label propaga-

tion procedure, in which the outlier in the data can be effectively
detected and the obtained virtual labels of unlabeled data can
be easily encoded in a weighted regression model. The projection matrix for dimensionality reduction can be efficiently
calculated by the label regression model. Experimental results
on several image databases demonstrated the advantage of the
proposed method over the state-of-the-art algorithms.
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