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Abstract—In this paper, we propose a novel partwise framework for cross-parameterization between 3D mesh models. Unlike most
existing methods that use regular parameterization domains, our framework uses nonregular approximation domains to build the
cross-parameterization. Once the nonregular approximation domains are constructed for 3D models, different (and complex) input
shapes are transformed into similar (and simple) shapes, thus facilitating the cross-parameterization process. Specifically, a novel
nonregular domain, the convex hull, is adopted to build shape correspondence. We first construct convex hulls for each part of the
segmented model, and then adopt our convex-hull cross-parameterization method to generate compatible meshes. Our method
exploits properties of the convex hull, e.g., good approximation ability and linear convex representation for interior vertices. After
building an initial cross-parameterization via convex-hull domains, we use compatible remeshing algorithms to achieve an accurate
approximation of the target geometry and to ensure a complete surface matching. Experimental results show that the compatible
meshes constructed are well suited for shape blending and other geometric applications.

Index Terms—Cross-parameterization, nonregular approximation domains, convex hull, critical points, compatible remeshing, sketch-

based segmentation.

Ç

1 INTRODUCTION

ESTABLISHING a cross-parameterization (or intersurface
mapping) between different shapes is a fundamental

task in a vast number of applications, such as fitting
template models to multiple 3D data sets [1], shape
blending, statistical analysis of shape, transferring texture,
and surface properties [2], synchronized model editing, and
performance-driven facial animation. The critical first step
for these applications is a cross-parameterization technique,
which transforms 3D models (commonly represented by
surface meshes) with different connectivity, into compatible
meshes (i.e., meshes with the same connectivity) while still
respecting surface features.

Most existing methods use a regular common domain to
build the cross-parameterization between shapes. Specifi-
cally, source and target shapes are first mapped to a regular
domain, and then the correspondence between shapes is
constructed by composing intermappings on the common
domain. This regular domain can be a plane, a sphere, a
cylinder, or triangular patches. However, it is usually not
easy to map an originally complex and nonregular shape onto
a regular domain; therefore, mapping errors are unavoidable.

In this paper, we propose a new method for shape
correspondence using nonregular approximation domains.
Compared with regular domains, well-constructed nonre-
gular domains can be more easily mapped onto the original
complex shapes. As illustrated in Fig. 4b, after constructing
intermediate nonregular domains, the different (and complex)
input shapes are transformed into similar (and simple)
shapes. This observation is the primary focus of this paper:
we can use nonregular domains to address large shape
variations and as a result reduce correspondence error.

On the other hand, as shown in Fig. 1, to construct
nonregular domains, the mesh partition can be part-based
and not limited to being patch-based. An important
advantage of the part-based partition is that it can
efficiently divide a mesh into meaningful parts without
topological restriction. In contrast, to construct regular
patches (e.g., triangular patches in [2], [3]) on the non-
regular input shapes, the regular-domain methods cannot
avoid complicated geometric and topological operations,
which intend to prevent intersections and blocking, pre-
serve cyclic orders, avoid swirls, or smooth discontinuous
boundaries. These operations are time-consuming and
unstable especially for complex shapes. Furthermore,
regularly constructed patches seldom represent meaningful
components of a shape, such as an arm or a leg of a human
body. Therefore, compared with the regular-domain meth-
ods, our nonregular-domain framework can further use the
part-based strategy to achieve efficient, robust, and mean-
ingful shape partitioning.

In this paper, the nonregular domain adopted is convex
hull. To the best of our knowledge, this is the first time that
the convex hull has been adopted for cross-parameteriza-
tion. A convex hull has several desirable characteristics: it
provides an appropriate approximation for segmented
parts, and it has linear convex representation for interior
points. Once the shapes are segmented into part pairs, we
can use convex hulls as proper approximation domains to

IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS, VOL. 17, NO. 10, OCTOBER 2011 1531

. H.-Y. Wu is with the Peking University, Key Laboratory of Machine
Perception (MOE), Room 2219, Science Building No. 2, Peking
University, Beijing 100871, P.R. China, and also with National Laboratory
of Pattern Recognition, Institute of Automation, Chinese Academy of
Sciences. E-mail: wuhy@cis.pku.edu.cn.

. H. Zha is with the Peking University, Key Laboratory of Machine
Perception (MOE), Room 2219, Science Building No. 2, Peking
University, Beijing 100871, P.R. China. E-mail: zha@cis.pku.edu.cn.

. C. Pan, Q. Yang, and S. Ma are with the National Laboratory of Pattern
Recognition, Institute of Automation, Chinese Academy of Sciences,
Automation Buliding, No. 95 Zhongguancun East Road, Beijing, 100190,
P.R. China. E-mail: {chpan, qyang, songde.ma}@nlpr.ia.ac.cn.

Manuscript received 14 Aug. 2009; revised 9 Feb. 2010; accepted 21 Sept.
2010; published online 22 Oct. 2010.
Recommended for acceptance by R.T. Whitaker.
For information on obtaining reprints of this article, please send e-mail to:
tvcg@computer.org, and reference IEEECS Log Number TVCG-2009-08-0175.
Digital Object Identifier no. 10.1109/TVCG.2010.231.

1077-2626/11/$26.00 � 2011 IEEE Published by the IEEE Computer Society



build shape-preserving cross-parameterization with an
energy optimization system. Specifically, we first introduce
a part-based segmentation system to produce meaningful
feature partition and correspondence. With a sketch-based
interactive tool,1 the user can freely segment a 3D mesh
without much effort. More importantly, our real-time
segmentation method greatly accelerates the whole proce-
dure, which is usually the bottleneck of existing cross-
parameterization methods.

Once convex hulls have been constructed for the
segmented parts, a novel cross-parameterization method
is adopted to obtain a fast and effective cross-parameteriza-
tion. Our cross-parameterization method fits nicely in a
unified mathematical framework, where similar types of
linear operators are applied throughout all phases. In this
framework, a novel mean-value Laplacian convex approx-
imation method is proposed. This method computes a
shape-preserving cross-parameterization in the convex-hull
space and achieves desired results even with only a few
marker points. After mapping segmented parts onto the
convex-hull domains, the reconstruction of the compatible
mesh can be achieved by computing the linear convex
combination of the convex hull’s vertices with the calcu-
lated convex-hull coordinates as coefficients.

To obtain an accurate approximation of the target
geometry, the initial estimation of correspondence is further
refined by remeshing. First, a fast algorithm is presented to
automatically detect critical points in the context of the
cross-parameterization. By fitting these critical points that
carry the important features of the target mesh, the output
mesh nearly matches the profiles of the target mesh. Next,
we provide a novel vertex relocation and projection
method, which refines the initial result through local
conformity (angle preservation) and ensures a complete
surface match.

Thanks to the combination of shape preservation and
good approximation, the resulted compatible meshes are
well-suited for morphing and other geometric applications.

2 BACKGROUND

Cross-parameterization [2], [4], [5], [6], [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16] is an important topic in computer

graphics. Much of the related work in this area focused on
the target application of morphing. Alexa [17] gives a good
review of cross-parameterization techniques developed for
morphing. Here, we discuss the parameterization domains
used by existing cross-parameterization methods. Most
cross-parameterization methods adopt indirect parameter-
ization domains. First, an intermediate domain is con-
structed. Then, submapping between each model and the
domain is built separately. Finally, the mapping between
models is constructed through the composition of the
submappings. The differences among various algorithms
lie in the choice of the intermediate domains. Many
methods use regular shapes, such as plane [18], cylinder
[4], sphere [5], etc. as the common domain. These shapes,
though simple, usually cause large mapping errors. Some
more advanced techniques adopt large triangular [2], [13] or
quadrangular patches [19] as the intermediate base domain.
The difficulty of compatibly constructing well-shaped patch
layouts makes it difficult for these methods to balance
efficiency and robustness, especially when dealing with
complex boundaries and long-and-narrow regions. More-
over, the errors of submappings could be amplified in the
mapping composition, leading to bigger errors in the final
intersurface mapping. Furthermore, though continuous
within each patch, the mapping may be discontinuous
along interpatch boundaries. As a result, some postpro-
cesses, such as smoothing and remeshing [2], become
necessary. Moreover, a small number of large triangular
patches still do not approximate the input meshes well.

As an alternative, cross-parameterization can be con-
structed directly, i.e., using the target mesh as the common
domain. In [1], Allen et al. used a template fitting technique
to construct the cross-parameterization for a set of human
models by directly tailoring the whole sample surface to the
whole template surface with dozens of marker points (74
landmarks) specified by the user. Sumner and Popovic [20]
proposed an iterated closest point algorithm to build the
correspondence map between 3D meshes. However, direct
schemes do not explicitly take the shape preservation
property into account, such as encoding the information
on the angle, length, and orientation of local surface shape.
As a result, they will introduce large approximation errors
or parameterization artifacts when the geometries of the
input models are significantly different. Furthermore, these
methods adopt the euclidean nearest distance as the
iterated fitting metric, which is prone to be trapped into
local optima for complex input shapes.

From the discussion above, it can be seen that a proper
parameterization domain is essential to obtaining a good
cross-parameterization. To build the cross-parameterization
between two shapes (Fig. 2a), we want the parameterization
domain to be neither too “loose” nor too “tight”. The domain
should approximate the mesh well to avoid large mapping
errors, i.e., not too loose. And also, it should be regular
enough so that the mesh can be easily mapped onto, i.e., not
too tight. The regular domains, such as the sphere (Fig. 2b),
plane, cylinder or large triangular patches, are too general
(loose) to fit complex meshes well. The complex target mesh
itself (Fig. 2c), used as the common domain, is too tight,
which will lead to local optima during the fitting procedure.
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Fig. 1. Given the source mesh (a) and the target mesh (b), we adopt a
nonregular approximation domain, the convex hull (c), as the para-
meterization domain; (d) is the shape blending result between
compatible meshes.

1. For the whole user interaction to build convex-hull cross-
parameterization, except the sketches, the user also must identify a few
markers, including the semantic feature points (illustrated as red points in
Fig. 1) and 2-cross anchor points on the segmentation boundaries
(explained in Section 5.2).



In this paper, we use nonregular geometric objects to
provide proper parameterization domains. Specifically, we
adopt a new parameterization domain: the convex hull, as
illustrated in Fig. 2d. Accordingly, the original cross-
parameterization for two complex shapes is converted to
cross-parameterizations for several pairs of simple convex-
hull shapes. The convex hull has several advantages.
1) Following human perception and the minima rule, our
decomposition method segments the meshes into mean-
ingful parts. The notion of meaningful parts is closely
related to the notion of convexity [21]. It implies that these
meaningful parts are convex in some sense. As a result,
convex hulls can approximate these parts quite well, i.e., it
is not too “loose”. 2) The convex hull is relatively simple: it
has no accidented regions. So the part in some convex sense
can easily be mapped onto its convex hull, i.e., the convex-
hull domain is not too “tight”. 3) The convex hull has many
excellent mathematical properties, which are rather useful
in the cross-parameterization. For example, the convex
hull’s interior points can be represented by the linear
convex combination of convex-hull vertices. We use this
property for the mesh reconstruction. With these advan-
tages, the convex-hull parameterization domain is a natural
choice for these segmented parts.

3 ALGORITHM OVERVIEW

The input to the algorithm consists of two meshes Ms and
Mt. As shown in Fig. 3, the algorithm has three sequential
stages. First, we construct proper nonregular approximation
domains for the input models. Then, a shape-preserving
cross-parameterization is computed. The final stage com-
patibly remeshes the correspondence result by using critical
features and parameterization information.

Constructing nonregular domains: First, we construct
nonregular domains for complex input models. Specifi-
cally, to construct the convex hull used in this paper, we
adopt a divide-and-conquer strategy using mesh segmen-
tation. To facilitate the user’s operation, we provide a
sketch-based interface to produce segmentation results
instantly, based on a scale-independent feature-sensitive
metric proposed in Section 4.2.

Cross-parameterization: After constructing the convex
hull for each part of the source and target meshes, we map
every part onto its corresponding convex hull, using our
mean-value Laplacian convex approximation technique
(Section 5.1). Next, we map the source parts, which have

already been mapped onto their own convex hulls, onto
the convex hulls of the target parts. Finally, we reconstruct
the compatible mesh (Section 5.3). Our method also uses
the boundaries of the compatible parts as continuity
constraints to avoid distortions along the part boundaries
(Section 5.2).

Compatible remeshing: Initially, the cross-parameter-
ization result does not necessarily provide a desired
approximation of the target geometry, especially when the
input models have significantly different geometries and
sampling rates. Therefore, to ensure an accurate approx-
imation of the target geometry, we refine the initial cross-
parameterization based on critical feature detection and
vertex relocation (Section 6). The flowchart of compatible
remeshing algorithms is shown in Fig. 11. The result of this
procedure is a feature-preserving cross-parameterization
between two compatible meshes Ms and Mt

s, where Mt
s

approximates the geometry of the target mesh Mt.
The algorithms will be described in detail in the

following sections.

4 CONSTRUCTING NONREGULAR DOMAINS

Without loss of generality, Fig. 4 illustrates the main
difference between our nonregular approximation domain
(NRAD) framework and regular-domain (RD) frameworks.
As shown in Fig. 4a, regular-domain based mapping F is a
composition of two consequent submappings: F ¼
X�1
TR � XSR, whereXSR ðXTRÞ is the mapping from the source

mesh S (the target mesh T ) to the common regular domainR
(e.g., plane, sphere, cylinder, and triangular patch). Our
nonregular-domain mapping is a composition of three
consequent submappings: � ¼ ��1

TT 0 ��S0T 0 ��SS0 , where
�SS0 ð�TT 0 Þ is the mapping from the source (target) mesh to
its nonregular approximation domain, and �S0T 0 is the
mapping between two similar nonregular domains ( S0 and
T 0 ). The main advantage of our framework is that each
submapping can be well established between two similar
intermediate shapes (e.g., S/S0;S0/T 0, and T 0/T ), while
avoiding the direct submapping between two very different
shapes (e.g., S/R and T /R). In the following, we will
introduce how to use convex decomposition to construct
nonregular approximation domains.

4.1 3D Convex Decomposition

In many applications, decomposing complex models into
convex components is useful for geometric algorithms (e.g.,
collision detection and mesh generation) to perform more
efficiently. We first give a brief introduction to 3D convex
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Fig. 2. The illustration for different parameterization domains.

Fig. 3. The flowchart of our convex hull cross-parameterization method.



decomposition. LetM be a 2-manifold triangular mesh. A set
of components fPig is a decomposition of M if their union is
M and all Pi are interiorly disjoint, i.e., fPig must satisfy

DðMÞ ¼ fPij [
i
Pi ¼M and 8i6¼jP o

i \ Po
j ¼ ;g;

wherePo is the open set ofP . A convex decomposition ofM is
a decomposition ofM that contains only convex components.

As described in [24], a major objective of convex
decomposition is to construct a good shape approximation
of the model which can represent the important structural
features. In general, there are two different kinds of convex
decomposition schemes: exact convex decomposition (ECD)
and approximate convex decomposition (ACD). As pointed
out by Chazelle et al. [25], the problem of ECD is NP-hard.
Furthermore, ECD is not ideally suited for many cases, e.g.,
the shape correspondence application in this paper.
Specifically, ECD can be costly to construct and can result
in a representation with an unmanageable number of
components. More importantly, ECD considers only geo-
metric properties, which may lead to meaningless sub-
shapes due to the lack of human perception. In [24], an ACD
approach is introduced using a �-approximate convex
which is defined if a component P has concavity less than
or equal to a tunable variable � :

ACD� ðMÞ ¼ fPi 2 DðMÞjconcaveðPiÞ � �g:

Nevertheless, �-approximate convex decomposition still
considers only geometric properties and requires parameter
tuning. Therefore, it will produce different results with a
different tunable parameter � . Furthermore, it is hard for
this method to obtain a meaningful decomposition accord-
ing to the human perception of a shape.

It should be emphasized that meaningful decompositions
for input models are critical to meaningful shape correspon-
dence. In this paper, we propose a new method that uses a
sketch-based interactive system to efficiently produce
feature partition and correspondence. The user can freely
segment 3D meshes into convex shapes without much effort.

4.2 Sketch-Based Segmentation Tool

Most existing mesh segmentation methods [24], [26], [27],
[28], [29], [30], [31] concentrate on the automatic decom-
position of a surface into meaningful parts. However, the

concept of meaningful segmentation heavily depends on
the application context and varies among individuals. In
these automatic methods, some control parameters must be
fine-tuned for different scenes. So, it is hard to achieve an
automatic segmentation in the strict sense, due to this
problem’s intrinsic difficulties.

Our main motivation is based on the fact that in real
applications, the final output usually contains a very small
number of meaningful parts (5-8, typically <10). In this
case, the user prefers to determine the output by his
simple and intuitive interaction, rather than by abstract
parameter-tuning.

In our system, we adopt the sketch-based interactive
manner [32], [33], [34], [35] to effectively segment 3D shapes
according to the user’s subjective intention. Our segmenta-
tion procedure is similar to the region-growing in [36]. But
compared to empirical formulation, we provide a clear
geometric explanation for our scaleless, feature-sensitive
metric. In the following paragraphs, we introduce our
segmentation procedure in detail.

First, in the user interaction, the user draws a few
freehand sketches on the 2D screen. Then, these sketches are
projected onto the 3D mesh to produce some seed vertices.
Every vertex is assigned an index in relation to the sketch it
belongs to. These initial vertices are used to complete
segmentation for the whole mesh. A natural way is to
consider 1-ring neighborhood growing, which requires a
certain metric to decide the feature distance between two
neighboring vertices.

As illustrated in Fig. 6a, on a 3D mesh M, we mark a
vertex as a source vertex vs together with its normal ns. A 1-
ring neighborhood vertex on the same mesh M is then
marked as a target vertex vt, together with its normal nt. In
order to compute the feature distance between vs and vt, we
define two variables: apro and asta. apro is the angle from the
source normal ns to the connecting edge est (linking vs with
vt). asta is the angle from the source normal ns to the target
normal nt. apro is the procedure variable and asta is the state
variable. As illustrated in Fig. 6, due to the concavity in the
shape, we will classify the source and the target from
Fig. 6a to Fig. 6c (not including) into two different convex
parts, while classifying the source and the target from
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Fig. 4. Regular-domain methods (a) versus nonregular-domain approximation methods (b). Note that in this illustration, we use 3D Laplace-Beltrami
spectral embeddings [22], [23] to globally construct nonregular domains.



Fig. 6d to Fig. 6f in the same convex part due to the

convexity of the shape. From Fig. 6a to Fig. 6f, the angle apro
varies from 0 to 180 degree; the angle asta varies from �90

to 90 degree. For the first case, the feature-sensitive distance

decreases as the angle apro increases, which acts like the

cosine curve trend in this angle region. In the second case,

due to the indetermination of the positive and negative

angle in 3D space, we concentrate on the relatively

important region �90 degree ! 0 degree. In this angle

domain, the feature-sensitive distance also decreases as the

angle asta increases, which acts like the absolute sine curve

(jsinðxÞj) trend in this angle region.
Based on the above discussion, we formulate the

procedure variable apro as

cosðaproÞ ¼
ns � est
k est k

: ð1Þ

Then, we formulate the state variable asta as

j sinðastaÞj ¼k ns � nt k : ð2Þ

Thus, our overall feature distance metric is defined

according to both apro and asta:

fVd ðs; tÞ ¼ ð1þ cosðaproÞÞð1þ j sinðastaÞjÞ

¼ 1þ ns � estk est k

� �
ð1þ k ns � nt kÞ:

ð3Þ

In the above definition, there are two additional terms of

“1”: the first one is used to avoid negative metric, and the

second one is used to prevent the cancellation of one

component as the other approaches 0. Compared with the

improved feature-sensitive metric in [36], our feature metric

is parameter-free and thus avoids tuning weights for

different cases. Also, this metric is scaleless, i.e., it is

independent of the model and the part size.
More importantly, this metric is related to several

important discrete differential geometric features. Specifi-

cally, it can be seen that the first term is directly

proportional to the discrete directional curvature [37], [38]:

kd ¼ k1
p cos2ð�Þ þ k2

p cos2ð�Þ �!discrete
2
ns � est
k est k

; ð4Þ

where k1
p and k1

p are the two principal curvatures.

Interestingly, we also found that the curve length of the
Gaussian image [39] is similar to the second term, in the
sense that it has the similar curve trend as the state angle asta
varies from �90 to 90 degree:Z

G�
ds� �!discrete k ns � nt k¼ 2j sin asta

2

� �
j; ð5Þ

where ds� is the arc element on the Gaussian image G�.
With the feature-sensitive metric in hand, we now

introduce our feature-sensitive region-growing algorithm.
For each vertex, we define its property with a tetrad
fvi; if known; id; fVd g, where vi is a vertex with the index i; i ¼
1; 2; . . . ; jV j; if known is a Boolean variable used to decide
whether the part id of this vertex is determined; id is the part
id of the vertex (id ¼ 1; 2; . . .n; 0 is reserved for the initial
unknown state); and fVd is the feature distance of this vertex to
some known vertex in the 1-ring neighborhood. Initially,
these unknown vertices that have at least one known vertex in
the 1-ring neighborhood are inserted into a candidate list. At
each step, we look for a vertex with the shortest feature
distance, change its state from unknown to known, delete it
from the candidate list, and insert the unknown vertices in its
1-ring neighborhood to the candidate list. This procedure is
repeated until the list is empty. At this point, every vertex is
tagged with a certain id. This ends the segmentation
procedure. Finally, we further refine the boundaries of the
parts. Here, Ji’s boundary refinement algorithm [36], a variant
of the active contour method, can be adopted to optimize
boundaries.

Once meaningful segmentations for 3D models are
obtained, we then construct the convex hull for each part,
as shown in Fig. 1. Compared with regular domains (e.g.,
plane and sphere), the convex hull provides a compact
approximation for the segmented part.

5 PARTWISE CONVEX-HULL

CROSS-PARAMETERIZATION METHOD

As shown in Fig. 3, once the input meshes are compatibly
segmented, the problem of finding a global cross-para-
meterization is converted to finding cross-parameteriza-
tions for all pairs of corresponding parts. However, these
parts may have complex boundary conditions. For a part
with only one boundary, it can be embedded onto a plane.
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Fig. 5. The illustration of our sketch-based segmentation method.
Fig. 6. The illustration for the feature-sensitive metric.



For a part with two boundaries, it can be embedded onto an
ideal cylinder. For a part with more than two boundaries,
further decomposition is required to ensure the above two
parameterization domains work properly [4].

Instead of choosing different domains for parts of
different types, we adopt the convex hull as the unified
cross-parameterization domain. Specifically, after compati-
ble segmentation, we get two sets of compatible parts: Ps

k

and Pt
k (1 � k � n), which constitute the segmented meshes

MP
s and MP

t (as shown in Fig. 3), respectively. We compute
the cross-parameterization between Ps

k and Pt
k. As shown in

the flowchart, for each part Ps
k (Pt

k), we first construct a
convex hull CHs

k (CHt
k), and then map Ps

k (Pt
k) onto it.

Unlike regular domains, such as sphere and plane, which
are smooth everywhere, simplicial parameterization cannot
guarantee the global construction of parameterization due
to nonsmooth patch boundaries. Therefore, a postproces-
sing, such as iterative relaxation between adjacent patches
[2], [40], is required. Our mapping method avoids this
problem through an energy minimization approach. In
contrast to the framework in [1], [20], our scheme aims at
obtaining a shape-preserving correspondence in the con-
vex-hull space and achieving desired results in the case of
only a few marker points.

5.1 Mean-Value Laplacian Convex Approximation
Scheme

Our energy minimization system is designed to deform a
part onto its intermediate domain (e.g., the convex hull).
This system contains three terms: a mean-value Laplacian
energy term El, a convex approximation term Ec, and a
global constraint term Eg. The mean-value Laplacian term
El is used to construct a smooth deformation energy. The
global constraint term Eg is used to initialize the deforma-
tion process. The convex approximation term Ec moves the
vertices of a part to the convex hull.

The first term is the mean-value Laplacian energy term

El. The Laplacian linear operator [41] provides an effective

differential representation of the mesh. The ordinary

Laplacian differential coordinates �i of vertex vi are

represented by the difference between vi and the average

of its neighbors (see Fig. 7):

�i ¼ ð�ðxÞi ; �
ðyÞ
i ; �

ðzÞ
i Þ ¼ vi �

1

di

X
j2NðiÞ

vj; ð6Þ

where NðiÞ ¼ fjjði; jÞ 2 Eg are the edge neighbors, and di ¼
jNðiÞj is the valence of a vertex, i.e., the number of edges

that emanate from this vertex.
By setting the above formulation to zero at each vertex, we

define a smoothing function, i.e., locating each vertex

approximately at the center of its 1-ring neighbors. It can be

seen that the equations of all the vertices form a sparse linear

system. The linear system can be written in matrix form:

El ¼
��LVCH

��2
; ð7Þ

where VCH ¼ ½vCH1 ; vCH2 ; . . . ; vCHNðV s
k
Þ�
T ;L is the Laplacian

coefficient matrix of Ps
k , i.e., Llm ¼ ��fl¼mg þ 1=di �

�fðl;mÞ2Es
kg, and � is the Dirac function.

However, as shown in Fig. 8b, this uniform representa-

tion does not encode the geometric properties of the source

mesh Ms (and also the Ps
k ). In the following, we try to

incorporate the information about the size, angle, and

orientation of a local surface shape. Here, we adopt the

mean value coordinates [18] for their excellent properties

such as shape preservation and low angular distortion:

�i ¼ vi �
1P

ði;jÞ2E wij

X
ði;jÞ2E

wijvj; ð8Þ

wij ¼
tanð�ij=2Þ þ tanð�ij=2Þ

jjvj � vijj
; ð9Þ

where wij is a mean-value coefficient, �ij and �ij are the

angles shown in Fig. 7.
From Fig. 8c, it can be seen that by encoding and

decoding local parameterization information, the mean-

value Laplacian representation successfully captures the

shape details of the source mesh, such as the threadlike

stripes on the legs and belly.
The second term is the convex approximation term Ec.

According to the definition of cross parameterization, we

hope the compatible mesh and the target mesh are as close

as possible. However, if only a few initial markers are

provided by the user, existing iterative closest point

algorithms may fall into local optima and introduce large

errors (see Fig. 9c). To overcome this drawback, our method

adopts the convex approximation metric as the fitting

measurement instead of using the euclidean nearest

distance, as shown in Fig. 9d.
Now, we introduce the definition of convex approximation

metric. The convex approximation metric \j CHi for vertex vi
is defined as
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Fig. 7. The illustration for the definition of differential coordinates.

Fig. 8. An example of mapping a lion model (a) to its own convex hull. Compared with the uniform representation (b), the mean-value Laplacian
representation can obtain the shape-preserving cross-parameterization (c).



\j CHi ¼ 1

dni þ �
� �ðF ðviÞÞ
�ðF ðP

k
ÞÞ ¼

1

dni þ �
�

PNðviÞ
m¼1 �ðfmÞPNðPkÞ

m¼1 �ðfmÞ=NðPkÞ
;

ð10Þ

where dni is the normal distance from vi to the intersection
with the convex hull, along vi’s normal ni (if dni !1, we
reverse the normal direction); � ¼ 0:01 is the relaxation
factor to prevent overflow when dni approaches 0; F ðviÞ is
the 1-ring facets set of vi;NðviÞ is the number of 1-ring
facets; F ðP

k
Þ is the facets set of part P

k
;NðPkÞ is the number

of part facets; and part P
k
’s average area �ðF ðP

k
ÞÞ is used

for normalizing vi’s 1-ring area �ðF ðviÞÞ. It can be seen that
the convex approximation metric is inversely proportional
to dni and proportional to �ðF ðviÞÞ. We noticed that in [42],
the convexity of a mesh patch is defined by a similar metric,
which is used for mesh segmentation.

Thus, the convex approximation term Ec is formulated as

Ec ¼
X
i2Ck
\j CHi

��vCHi � ci
��2; ð11Þ

where Ck is the index set of vertices in Ps
k not including

global constraint vertices; \j CHi is the convex approximation
metric of vi; v

CH
i is vi’s mapping point on CHs

k ; and ci is the
intersection with the target mesh along vi’s normal ni that
indicates the target mapping direction. Note that to deal
with noises, we also check the compatibility of normals (the
difference in orientations of the source vertex and target
facet should be less than 90 degree) and avoid drastic
variation in the source normal.

The third term focuses on global constrained vertices,
i.e., those lying on the CHs

k and those concave extreme
points. For these vertices, we consider that their initial
positions (or initial normal positions) are suitable as their
correspondences on CHs

k. Thus, the global constraint term
Eg is defined as

Eg ¼
X
i2Gk

��vCHi � gi
��2; ð12Þ

where Gk is the index set of global constraint vertices on
segmented part Ps

k ; and gi is the corresponding position on
the target surface.

Finally, to compute the mapping positions of Ps
k , we

formulate the following minimization problem:

min EðVCHÞ ¼ El þ wgEg þ wcEc; ð13Þ

where wg; wc are weights. By setting the gradient of the
objective function to zero (@EðVCHÞ=@VCH ¼ 0), the

quadratic optimization can be minimized by efficiently
solving a sparse linear system [43]. The system is
separable in the three coordinates of the vertices, which
reduces linear system’s scale to 1/3 of the original.

We solve the minimization problem in two phases. First,
we discard the term Ec by setting wg ¼ 0:3; wc ¼ 0 and
obtain an initial mapping result. Then, we increase wc at
each iteration and update the convex approximation points.
In our experiments, increasing wc step by step from 0.001 to
0.01 produced good results. Too large or too small values
may induce drastic deformation or unnecessary optimiza-
tion iterations. After each iteration, Ps

k is updated and better
approximates CHs

k . Our optimization system is designed to
deform a part into its convex hull to produce a compatible
part which is implicitly guaranteed to have identical
connectivity with the original one. Note that the energy
minimization procedure cannot guarantee that the mapped
vertices lie exactly on the convex hull to achieve one-to-one
mapping; therefore, a projection scheme is provided in the
remeshing stage (see Section 6.2).

A similar procedure is performed on every segmented
part of Ms. Thus,

MCH
s ¼

[n
k¼1

Qs
k

 !
;

which is composed of Ps
k ’s correspondences on CHs

k, is
generated. The same scheme is applied to the parts of Mt.
Each Pt

k is mapped onto CHt
k. Thus,

MCH
t ¼

[n
k¼1

Qt
k

 !
is obtained.

We noticed that another divide-and-conquer method is
proposed in [4] which is patch-based, compared to ours
which is part-based. Our method requires fewer segmenta-
tion components (about 5-8 parts, typically <10 parts) and
therefore less user interaction.

5.2 Handling the Boundaries

After two input meshes have been mapped to their convex
hulls, the cross-parameterization is carried on pairs of
simple convex-hull shapes. To this end, we can either
construct another intermediate convex hull or adopt the
target one as the common domain for each pair of Qs

k and
Qt
k. Here, we take the latter one due to the similarity and

regularity of two convex shapes. Specifically, to map the
source convex-hull shape Qs

k onto the target one Qt
k, we take

CHt
k as the common domain CHk (2MCH). Then, by using

the similar convex approximation procedure described
above, Qs

k’s correspondence on CHk;Q
st
k is obtained.

Note that in this step, the compatible boundaries
generated in the segmentation step can also be used to

WU ET AL.: PARTWISE CROSS-PARAMETERIZATION VIA NONREGULAR CONVEX HULL DOMAINS 1537

Fig. 9. The source and target surfaces are shown in (a) and (b). We
compare the iterative closest point algorithm (c) and our mean-value
Laplacian convex approximation scheme (d). Note that for patch-based
methods (e.g., [2]), distortion errors may appear in long-and-narrow
regions, as shown in (e) (without compatible remeshing).

Fig. 10. (a) A 3-cross point is labeled in red. (b) A boundary with only
2-cross points.



preserve continuity, which is useful to avoid distortions

along the part boundaries.
As shown in Fig. 10, we describe a vertex on the

boundaries as an N-cross point, which is shared by N parts.

If N 	 3, this vertex can be compatibly detected automati-

cally and used as an anchor point. If a boundary has only 2-

cross points, the user must specify several anchor points on

the two models. The other boundary vertices that reside

between the anchor points are mapped proportionally to

their average arc lengths on the original models Ms and Mt.

Thus, the relative arc-length ratio between the boundary

vertices is preserved during the cross-parameterization

procedure. Furthermore, our cross-parameterization is not

necessary to straighten the boundaries to construct trian-

gular or quadrangular patches, so we can directly formulate

arbitrary natural boundaries as the continuity constraints

for smooth transition.
The boundary correspondence term Eb is formulated as

Eb ¼
X
i2Bk

��vCHi � bi
��2; ð14Þ

where Bk is the index set of vertices on the boundaries, and

bi is the boundary vertex’s mapping position on CHk’s

boundary. Because the boundary vertices residing in each

adjacent source part are proportionally mapped onto the

same target boundary vertices, the continuity along the

boundaries is naturally achieved.

5.3 Reconstructing the Compatible Mesh

After both Ms and Mt are embedded into the common

domain MCH , we compute Ms’s compatible mesh Mt
s,

which has the same geometry as Mt and the same topology

as Ms.
First, for each vertex vi in Pt

k, we calculate its convex-hull

coordinates (or use 3D mean value coordinates [44]) in the

CHk space. Thus, vi’s position can be represented as the

linear combination of the vertices of CHk using the

calculated coordinates as coefficients.
Then, for each vertex vCHi in Qst

k , we can find some

adjacent vertices in Qt
k whose distances to vCHi are within a

certain threshold. Thus, for the correspondence of vCHi on

Ps
k ; vi, its convex-hull coordinates relative to CHk can be

computed as the weighted average of the convex-hull

coordinates of those adjacent vertices. With these coordi-

nates, the 3D position of Ps
k ’s compatible mesh Pst

k can be

reconstructed by a linear combination of the vertices of

CHk. The union of these Pst
k constitutes Ms’s compatible

mesh Mt
s.

6 COMPATIBLE REMESHING

In the final stage, the cross-parameterization result is
remeshed to achieve accurate approximation of the target
geometry. Existing compatible remeshing methods are
based on mesh overlaying or subdivision connectivity
construction. For complex meshes, both techniques tend to
produce meshes that are much larger than the input ones.
To overcome this, we propose two novel remeshing
algorithms to compute topologically identical compatible
meshes, based on critical feature detection (Section 6.1) and
vertex relocation (Section 6.2), respectively.

6.1 Critical Feature Detection and Mapping

In most cases, with the mean-value Laplacian approxima-
tion, the compatible mesh Mt

s can fit Mt quite well.
However, if Mt (Fig. 11b) has unique complex features,
which are not available in Ms (Fig. 11a), Mt

s may have
problem covering these features, as shown in Fig. 11c. To
address this problem, the improvement on the initial cross-
parameterization is required, which is done in our approach
by first detecting the vertices that are especially important
for feature extraction and error reduction, and then treating
them differently. In addition, to reduce the local distortion,
the detected vertices should also meet the criteria in both
quantity and spacial distribution.

We provide a fast algorithm to detect these critical
points. These points’ quantity and distribution can be well
controlled. We use Gaussian curvature, an intrinsic prop-
erty of a surface, as the critical metric. As shown in Fig. 12b,
high Gaussian curvature (colored with red in convex
regions or green in concave regions) reflects the important
regions of the surface, while the flat regions (curvature
tends to become zero, colored with blue) are shown to be
less important.

6.1.1 Detecting Critical Vertices

According to the Gauss-Bonnet theorem, the total Gaussian
curvature of an embedded triangle is expressed in terms of
the total geodesic curvature (kg) of the boundary and the
jump angles (�j) at the corners:Z Z

T

KdA ¼ 2	�
X

�j �
Z
@T

kgds: ð15Þ

Meyer et al. [38] provide an approach to compute the
Gaussian curvature for the discrete surface:

KðviÞ ¼ 2	�
X

j2F ðviÞ
�j

0@ 1A,Amixed; ð16Þ

where F ðviÞ are the facet neighbors of vertex vi; �j is the
angle of neighborhood triangle at the vertex vi; and Amixed is
the mixed area used to account for obtuse triangulations.
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Fig. 11. The flowchart of our compatible remeshing method. (a), (b) The
source and target meshes. (c) An initial fitting result. (d) After critical
feature detection and mapping. (e) After vertex relocation and
projection.

Fig. 12. The detection of critical vertices.



To compute the critical vertices, we first sort Mt’s vertices
and build a queue according to their discrete Gaussian
curvatures in descending order. Then, for each vertex vi, we
grow the “local region” that approximates its neighborhood.
All the vertices included in the region are removed from the
queue. The same procedure is repeated until the sorted
queue is empty. To judge whether the vertices near vi are in
the local region, a scale-independent distance metric, ri ¼

1
lBBD� jKðviÞj (lBBD is the bounding box diagonal length) is used.
It can be seen that this metric can produce more feature
vertices in the high curvature regions and fewer feature
vertices in the flat regions. The number of the overall critical
vertices is about 1/10-1/50 of the vertex number of the
mesh. As shown in Fig. 12d, our region growing algorithm is
more effective and robust than previous methods (see
Fig. 12c produced by [45]).

6.1.2 Establishing Critical Vertex Constraints

After the critical vertices on Mt are detected, we map them
onto Ms to match the features, which is very straightfor-
ward in our framework. First, for each critical vertex on Mt,
we choose the closest vertex on Ms as its counterpart. Then,
similar to the constraint terms above, we formulate the
critical constraint term Es as a quadratic energy function:

Es ¼
X
i2S

��viniti � si
��2; ð17Þ

where S is the index set of critical constraint vertices, and si
is the corresponding position on the target mesh.

After several iterations, the compatible mesh Mt
s can

approximate Mt quite well at the critical vertices, thus the
profiles of Mt

s will not collapse. Fig. 11d shows the updated
compatible mesh.

6.2 Vertex Relocation and Projection Scheme

During the critical vertices matching, even if the initial
compatible mesh and the target one are very close to each
other, it still cannot guarantee all the vertices to be on the
surface of the target mesh. Likewise, the critical vertex
constraints could possibly introduce some shape distortion.
Therefore, we provide a vertex relocation and projection
scheme, which refines the initial fitting results in the way of
conformity. Specifically, for a vertex vi on the initial resultMt

s,
we want to find a new location which will improve the shapes
(angle, size, and orientation) of the triangles incident to vi.

To achieve this task, based on the umbrella operator [46],
we define a shape-preserving operator

�

to optimize the
interior vertices. The umbrella operator minimizes the
membrane energy of a mesh M. It shifts a vertex vi
depending on the convex combination of its direct
neighbors. The choice of the combination weights deter-
mines the energy to be minimized in the optimization
process. Uniform weights will provide a uniform distribu-
tion of triangles in the local domains. However, some
surface features of the mesh M might be lost during the
uniform remeshing.

We found that by choosing the weights of the umbrella
operator to be proportional to the mean value coordinates
covering the 1-ring of vi, our operator well preserves the
local shape features of the mesh. Specifically, in the case of

the membrane energy, our shape-preserving operator leads
to a local update rule:

�

: vi ! evi ¼ vi þ 
U
!ðviÞ

¼ vi þ 

1Pm

j¼0 wij

Xm

j¼0
wijðvj � viÞ; wij0;

ð18Þ

where 
 ¼ �=dðvi;Mt;U
!Þ; dðvi;Mt;U

!Þ is the distance from

vi to Mt along U
!

; � is the gradual convergence factor used

to avoid oscillations; and wij is the mean-value weight.
With this operator, each vertex of the initial result is

gradually projected onto the surface of the target model to
obtain a complete surface match. The shape-preserving
operator is applied iteratively. As the vertices move in the
local domain, the sizes and the normals of the triangles
must be recomputed after each iteration of the operator

�

.
When the change of the vertex positions falls below a
certain threshold, the iteration stops and the vertices are
then projected onto the target mesh along their latest
projection directions. Usually a few (<5) iterations are
sufficient to reduce the total distortion, resulting in a mesh
(see Fig. 11e) that preserves the parameterization features of
the source mesh Ms.

7 RESULTS AND DISCUSSION

Our cross-parameterization framework was tested on
various surfaces, including human face surfaces, animal
models, and complex geometric objects.

We first tested our mesh segmentation algorithm. As
shown in Fig. 5, with a few user-specified 2D mouse strokes
on the 3D model, our system produces desired segmenta-
tion results. In Fig. 13, the user completes the stroke
drawing in a single viewpoint within a few seconds. The
whole interactive procedure is very intuitive, and thus no
special training is required. More importantly, by following
human perception and the minima rule, our method
achieves a meaningful segmentation. Note that in order to
generate the compatible segmentations as a prerequisite of
the cross-parameterization, the user marks the correspond-
ing semantic parts (such as head-to-head and leg-to-leg) in
the source model and the target one, respectively. Though
our method is independent of the number and the style of
the sketches, in order to obtain good initial boundaries in
the regions where the boundaries are not rather apparent,
we recommend that the user provides more clues (e.g., one
or two more sketches) in these regions.

Thanks to our dimensionless feature-sensitive metric, the
segmentation system works well for meshes with various
sizes. A significant advantage of our sketch-based system
over the automatic methods is that it can easily segment
multilevel parts in a single session. Take the case in Fig. 5
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Fig. 13. More segmentation results with the sketch-based interface.



for instance. The user can freely segment the android model
into several parts of any size, ranging from the long legs to
the tiny thumb. This kind of flexibility makes our system
convenient in the construction of compatible segmentations
between complex 3D models. It also should be pointed out
that the limitation of a scaleless metric is that it may be
adversely affected by anisotropic lengths of triangle edges.

From the example shown in Fig. 8, it can be seen that our
mean-value Laplacian approximation scheme successfully
establishes a shape-preserving mapping between surfaces,
such as the threadlike stripes on the lion’s legs and belly.
Moreover, instead of using the euclidean nearest distance,
our scheme adopts the convex approximation metric as the
fitting metric and thus avoids being trapped into local
optima suffered by the closest point fitting techniques when
only a few initial markers are provided (see Fig. 9).

Fig. 11 gives an illustration of the compatible remeshing
procedure. As shown in Fig. 12d, the critical vertices
algorithm not only successfully captured the critical features
of the surface, but also avoided producing over-dense points
that may cause large local distortions. Therefore, this
algorithm is more suitable in the context of the cross-
parameterization than previous methods (such as [45]).

It is worthwhile to point out that it is rather difficult to
build a cross-parameterization between the two meshes
shown in Fig. 11 using previous methods (such as [1], [20]),
because the bumpy sphere model has a large amount of
complex features not available in the cube model. There-
fore, when only eight markers are provided (lying on the
eight corners of the cube), these features will be lost. Our
critical point algorithm successfully detects these features
and makes the compatible mesh approximate the target one
at the critical vertices. Thus, the contour of the compatible
mesh will not collapse.

Yet, as shown in Fig. 11e, our vertex relocation and
projection method refines the initial fitting results in the
way of angle preservation. Thus, more accurate mapping
results were achieved and a complete surface match was
ensured. Note that the above remeshing procedure is
optional if the source and target models are of similar
sampling rates and geometric features (e.g., in Fig. 14).

Figs. 14 and 15 demonstrate a few snapshots from the
morphing series of a cat/lion pair and a fetus/man pair. We
further test our convex approximation method without
segmenting the meshes. As shown in Fig. 16., the head
models are already convex in some sense even without
segmentation. Using the convex hulls as the intermediate
domains of the head models, a visually appealing result
was obtained. In another example (Fig. 20), the three-sided
blends of a lion, a cat, and a camel highlight our method’s
ability to establish the cross-parameterization among multi-
ple surfaces. More blending results are shown in Figs. 1 and
19. Fig. 18 also demonstrates the ability of our mean-value
Laplacian energy framework to handle manifold surfaces of
genus greater than zero. For the user interaction, except the
sketches, the user must specify a few markers, including the
semantic feature points, 2-cross points on the segmentation
boundaries (	3-cross points are automatically detected by
the algorithm, mentioned in Section 5.2). Because our
method automatically detects the critical vertices and
efficiently avoids falling into local optima, fewer marker
points are required than previous methods. For the lion and
cat examples in Fig. 14, only 18 markers are enough for a
good correspondence result, in comparison with 77 markers
in [20] and 68 markers in [47] for this pair. From more
examples shown in Table 2, it can be seen that usually only
10-30 feature points are required to produce a good cross-
parameterization in our system. Note that a judicious
placement of markers is helpful to better capture features
and consequently to reduce the number of necessary
markers. Take the human model for instance. These feature
markers are typically placed on the subject at the anthro-
pometric landmarks, such as the shoulders, elbows, and
wrists, which also can be easily specified by the user.
Adding more markers that are not placed at the feature
landmarks cannot significantly improve the final results.

In addition to morphing, we also consider a different
application scenario: deformation transfer [20], [48]. For this
task, there are no restrictions on mapping. In most cases, it
is a general many-to-many mapping. To this end, we build
the correspondence map directly in the CHk space without
reconstructing the compatible mesh Pst

k . If the distance
between the centroids of two triangles in Qst

k and Qt
k are

within a certain threshold, this pair is added to a
correspondence list. With this correspondence list, we can
straightforwardly perform the deformation transfer opera-
tion, as shown in Fig. 17.

The experiments were carried out on a 3.0 GHz Pentium
IV computer with 3 GB RAM. Table 1 shows the running-
time statistics of the sketch-based segmentation system. It
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Fig. 14. Morphing of a cat into a lion.

Fig. 15. Morphing of a fetus into a man (with complex boundaries and
holes on the right foot).

Fig. 16. Morphing series between head models (Venus and Planck).



can be seen that our mesh segmentation method is fast

enough for real-time applications. For the camel (19,536

facets) and lion models (9,996 facets), the running times of

mesh segmentation were 0.5 and 0.2 second, respectively.

We also tested our system on very huge models such as the

dragon model (871,414 facets, 1,300 K edges, and 66.8 MB,

shown in Fig. 13c), which was computed in 72.562 seconds.
Table 2 shows the experimental statistics of the convex-

hull cross-parameterization system, including the facet

number, the marker number, the running time, the L2 error

[49], and theL2 stretch efficiency. It can be seen that our cross-

parameterization framework is numerically efficient, be-

cause the energy optimization can be addressed by solving

the sparse linear system. With a sparse LU solver [43], for

example, the cross-parameterization between the lion and

the cat (14,410 facets) took only 45 seconds. We also tested our

system on some huge models (the subdivided lion/cat

models with 150K facets), and the correspondence between

them was computed only in 974 seconds. Compared with the

prior art, such as [2], [13], it can be seen that our method is

more efficient. Moreover, our critical vertices algorithm is

also very fast. For the bumpy sphere model (11,444 facets),
the detection procedure took only 0.25 second.

We give a performance comparison between our method
and Kraevoy et al.’s method [2], as shown in Table 3.
Kraevoy and Sheffer [2] usually require only a few markers,
which act as the guiding clues for partitioning input shapes
and constructing base domains. Meanwhile, some compli-
cated geometric and topological operations are involved,
such as preventing intersections and blocking, preserving
cyclic orders, and avoiding swirls. Table 3 shows that with
the increment of the marker number, the performance of
the method in [2] drops rapidly, because the complexity of
the partitioning procedure increases correspondingly, and
also the robustness cannot be guaranteed anymore. In
contrast, without time-consuming and complicated geo-
metric operations involved, our partwise nonregular
domain framework is efficient and robust, regardless of
complex boundaries and long-and-narrow regions. Further-
more, our energy optimization system does not suffer from
the increment of the marker number required. For the user
interaction, in addition to placing markers as in [2], our
method also requires the user to assist in segmentation and
identify 2-cross points on the boundaries. However,
because the robustness of our method is not so sensitive
to the locations of the markers, the user can place the
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Fig. 18. This example (with genus three) demonstrates the ability of our mean-value Laplacian energy framework to handle nonzero genus models.

TABLE 1
Typical Timing Statistics of Our Segmentation Method

Fig. 17. With a correspondence map built by our cross-parameterization
method, a cat’s pose is retargeted onto a lion, using the deformation
transfer method [20].

TABLE 2
Typical Statistics of Our Convex-Hull Cross-Parameterization Method



markers in a comfortable way. To further reduce the user
labor, our system combines the 2-cross points into the
markers to achieve twofold functions. For the mesh
segmentation, the user must simply draw a few freehand
sketches on the screen, and then our system provides
instant visual feedback to produce the results. Moreover,
compared with the traditional single-mode interactive
interface, our multimode interface (sketch-based shape
segmentation, as well as marker-based feature picking)
can easily handle complex topological conditions, such as
high genus and complex boundaries. For the quality
evaluation of the correspondence results, both our method
and [2] achieve visually satisfying results that are well
suitable for the morphing or shape-blending applications.
For the quantitative evaluation, the correspondence errors
of our method are better controlled, while the shape stretch
of [2] is relatively lower. From our analysis, our convex hull
method can provide more compact domains to build shape
approximation. As a result, the approximation error is
reduced. On the other hand, if partitioned patches can be
well constructed compatibly, [2] can use mean-value
coordinates to construct low-distortion plane parameteriza-
tion on these straightened patches.

Limitations. We now discuss the limitations of the
convex-hull cross-parameterization method. The key point
of the convex-hull method is to construct proper convex
hulls which can approximate the segmented parts well. To

construct convex hulls, it is important to first produce

convex decompositions for input models. As illustrated in

Fig. 21a, if a decomposition for a complex model is

incomplete, the constructed convex hull may not provide

a one-to-one embedding for a segmented part. In this case,

different regions may be embedded onto the same place on

the convex hull, as marked by the red curve. This is due to

the intrinsic property of approximate convex decomposi-

tion, which is adopted in our approach. To judge whether a

decomposition is convex enough, the concept of �-approx-

imate convex [24] (ref. Section 4.1) can be introduced. That

is, if a segmented part P has concavity larger than a certain

threshold � , the user will get a hint that this part should be

further decomposed, as illustrated in Fig. 21-a3. Similarly,

this strategy can be applied to an S-type shape (Fig. 21-b2), a

high genus shape (four genus in Fig. 21-c2), and a bending

shape (e.g., the bending leg in Fig. 21-d2). Another draw-

back of the proposed method is that two input models must

be segmented into the same number of parts with the same

number of segmentation boundaries.
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Fig. 20. This example shows the blending of three models. The numbers in the blends are the affine combination weights of each model.

TABLE 3
Performance Comparison between Our Method and Kraevoy’s

Method [2]

Fig. 21. Limitations of our method.

Fig. 19. The shape blending result of the dinosaur model and the dinopet
model.



8 CONCLUSIONS AND FUTURE WORK

In this paper, we use nonregular domains to construct the
cross-parameterization between 3D models. Our framework
is intrinsically a complex-to-simple scheme, i.e., converting
two complex shapes into two simple (though nonregular)
shapes. Specifically, we present a divide-and-conquer
framework for the cross-parameterization by first construct-
ing compatible segmentations of the two input meshes and
then computing a partwise mapping between the two
meshes with the convex hulls of the segmented parts
serving as the intermediate parameterization domains. An
easy-to-use segmentation tool is provided to generate
meaningful segmentations for the input meshes, based on
a scale-independent feature-sensitive metric. Then, a novel
mean-value Laplacian convex approximation method is
proposed to compute a shape-preserving cross-parameter-
ization in the convex-hull space. By detecting the critical
vertices, our remeshing scheme well approximates the
profiles and important features of the target geometry.
Furthermore, our vertex relocation and projection approach
not only refines the fitting result in the way of local
conformity, but also ensures a complete surface matching.

Automatically constructing a high-quality cross-parame-
terization for two arbitrary shapes is still an open problem
in computer graphics. One feasible way is to statistically
analyze the surface (such as curvature, vector field, critical
feature, etc.) and then build some candidate marker pairs.
In our scheme, because the markers are mainly used for the
initial cross-parameterization (these constraints can be
gradually removed during optimization), it is possible to
use these automatically generated markers to achieve the
desired cross-parameterization results.
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